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Comprehensive exam, Fall 2011

1. Quantum Mechanics

Consider a particle in the ground state of an infinitely deep square potential well of
width a in one dimension. What is the probability distribution function for the particle to
have momentum in the range (p,p + dp)?
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2. Quantum Mechanics

A collection of hydrogen atoms in the ground state is contained between the plates of
a parallel plate capacitor. A voltage pulse is applied to the capacitor so as to a produce a
homogeneous electric field

E=0 t<0, E=Ee T t>0

a) After along time, ¢ > 7, what fraction of the atoms will be in the [n = 2,4 =1,m = 0)
state? Assume that & is small, and work to lowest nontrivial order in &.

b) Working to the same order in & as in part (a), what fraction of the atoms are in the
|n=2,£=0,m = 0) state?

Relevant hydrogen atom wavefunctions ¥, (r, 0, ¢) are

1 r [ 3 T r
a — 1 2a 0
86 o, 2o 3 8 < 5 O)e 0 COS

where ag is the Bohr radius. You may express your answer in terms of any convenient
variables, e.g. the Bohr radius, fine structure constant, etc.

1/1100 =
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3. Quantum Mechanics

Consider a three dimensional harmonic oscillator

2
1
Hy = 2an + imchr2

a) Find the energy and degeneracy of the first excited state of Hy.

b) The perturbation
Hy = MNzy +yz + 2x)

is added. Find the corrections to the energy and to the states, to first order in A, for all the
states consider in (a).
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B Quantum Mechanics

We consider a quantum system of 3 distinguishable spin 1/2 particles (for example one
may be an electron, the second a proton, and the third a neutron), whose spin operators
are denoted by 51,52, S5, with components Sf, 55,54 for a = 1,2,3. The Hamiltonian is,

H=a§1 (52 X §3)
where « is a real constant.
(a) Show that the total angular momentum operator S = §1 + 52 + 53 commutes with H.

(b) Calculate the energy and multiplicity of the states with total angular momentum 3/2.

(c) Determine the remaining eigenvalues of H and their respective multiplicities.
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5. Quantum Mechanics

A non-relativistic particle of mass m is scattered by the central potential

h? 1
Vir)=———5——
(r) ma? cosh®(r/a)

where a is a constant.

a) Reduce the Schrodinger equation for the s-wave to the following equation,

2
d*¢(x) n 2

dx? cosh? z

6(2) + a26(z) = 0
For each value of a2, this equation has the following two solutions,
¢4 (2) = €7 (tanh = F icv)
b) Calculate the s-wave contribution to the total scattering cross section.

¢) Does this system possess any bound states ? Justify your answer.

Useful Formulas:

_ 1 ik-r K k et
W) = g [ IS
el — Zil(Ql—i—l)jl(kr)Pl(cosﬁ)
=0
, > eQi(Sl_
f(K k) = 2(21—1—1)WP;(0059)

Il
=]
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6. Statistical Mechanics

In this problem you are to determine the density of particles n(z) in the atmosphere as
a function of height z. Assume that the atmosphere is made up of an ideal gas of particles
of mass m. Also, you may assume that the atmosphere is at a uniform temperature 7', and
that the gravitational field g is constant.

a) Consider a thin layer of atmosphere at height z. Taking into account the gravitational
potential energy, calculate the Helmhotz free energy of the layer.

b) Obtain an expression for the chemical potential

¢) Use the equilibrium condition on p(z) between layers (under exchange of particles) to
derive a differential equation and solve for the density n(z). Express your result in
terms of n(0).


jlee
Text Box
Name:


Name:

Questions for the Comprehensive Exam Fall 2011 7

7. Statistical Mechanics

Consider an idealized crystal that has N lattice points, and the same number of inter-
stitial positions (places between the lattice points where excited atoms can reside). Let E
be the energy necessary to displace an atom from a lattice site to an interstitial position
and let n be the number of atoms occupying interstitial sites in equilibrium (at a finite
temperature).

a) What is the entropy S of this crystal?
b) What is the temperature T of this crystal?

Assume that n > 1 and N —n > 1.
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8. Statistical Mechanics

Consider two identical particles in a box of volume V', under conditions such that classical
(Boltzmann) statistics applies. The particles interact through the potential:

—e, r<b
U(T):{ 0 r>b

where 1 is the distance between the (point-like) particles.

a) Calculate the average pressure at temperature T (ignore the fact that the fluctuations
in this quantity are large due to the presence of only two particles).

b) For ¢ > 0 comment on the physical meaning of your result in the limits /7 > 1 and
e/T < 1.
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9. Statistical Mechanics

A gas that deviates slightly from ideal behavior exhibits an equation of state given by

a
pv = RT — —
v
where p is the pressure, T is the absolute temperature, R is the gas constant, “a” is a small
constant coefficient, and v is the volume per unit mole, i.e. v = V/N,,,. The system consists
of N particles corresponding to N,,, moles.

a) Deduce the dependence of the partition function Z on volume for this gas.

b) Use your knowledge of the perfect ideal gas to identify the fully normalized partition
function for this system. The answer should include the proper quantum normalization
for phase-space and account for indistinguishability. The particle mass is m.
— 3
c) If the average energy for this system is given by E = %NmRT + al\(}”, find the specific
heat at constant pressure, i.e. ¢, . Give your answer in terms of 7" and v.
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10. Electromagnetism

A small sphere of polarizability a and radius a is placed at a great distance from a
conducting sphere of radius b, which is maintained at a potential V relative to infinity. Find
an approximate expression for the force on the dielectric sphere valid for r > a.
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11. Electromagnetism

A thin spherical shell of radius R has a constant surface charge density o and is rotating
with angular frequency w. Find the magnetic field inside and outside the shell.
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12. Electromagnetism

A plane polarized electromagnetic wave E = Ege'**~“Yx is incident normally on a flat
uniform sheet of an excellent conductor (o > wey) having a thickness D.

a) Assuming that in space and in the conduction sheet u/ug = €/e9 = 1, calculate the
amplitude of the transmitted wave and of the reflected wave

b) Calculate the amount of light absorbed by the metal in the approximation D — oo

Hint: for the complex index of refraction of a metal you can use n? = 1 + io/we
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13. Electromagnetism

Consider a conducting sheet of thickness 2a along the z-direction and having conductivity
o. It is forced to carry a uniform current density j along the z-direction. The current sheet
is surrounded by two parallel walls at a distance b from the center of the sheet. The walls
can be considered to be perfect conductors at zero electrostatic potential. The sheet and
the walls can be approximated as infinite in the other two dimensions (y, z). Here (z,y, 2)
refer to a Cartesian coordinate system with origin at the center of the sheet. The region
between the current sheet and the walls is vacuum.

a) Find the electric field vector everywhere in this system.
b) Find the Poynting vector inside and outside the current sheet for x > 0.

c) Use conservation of energy to deduce the value of the perpendicular component of the
Poynting vector at the surface of the sheet, i.e. at x = a.

=

_||
e
™

+
=4

X
[o=
[——
]
o

|
-
-

-


jlee
Text Box
Name:


Name:

Questions for the Comprehensive Exam Fall 2011 14

14. Electromagnetism

a) Consider a point particle with some mass and charge subjected to static gravitational and
electric fields ¢ and E, as produced by some arrangement of static external particles.
Prove that it is impossible for the point particle to be held in stable equilibrium
(Earnshaw’s theorem).

b) Now consider a diamagnetic (i.e. p < o) sphere in a constant gravitational field § and
spatially varying magnetic field é(f) Show that stable equilibrium is possible for
such a situation. You may use the following approximate formula (valid for |x| < 1)
for the magnetic moment of a sphere of radius a

4 3
S7Ta” -

_Idgma” B(%)
Ho

m:
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Comprehensive exam, Fall 2011

1. Quantum Mechanics

Consider a particle in the ground state of an infinitely deep square potential well of
width a in one dimension. What is the probability distribution funetion for the particle to
have momentum in the range (p, p + dp)?
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Consider a particle in an infinitely deep square potential well of width a in one dimen-
sion. What is the probability distribution function for the particle to have momentum in
the range (p,p + dp)?

Solution:

Expansion coefficients of the ground-state wave function (—a/2 < z < a/2)

)= 3 (52)

in the momentum eigenfunction basis are given by

i R AR i T B2nh2,fa pa
_ —ipz/h _ —ipz/h =
o) = [ doe" 4t \Ef_a,zd“ riteos (Tx) = S ot g

The probability distribution function is thus

_dP _a(p)® dnh’a g
flp) = dp ~ 2mh  (w2h% — pla?)? €08 (}:E) ’

This can be checked by considering periodic boundary conditions at z — +L/2 with L — co.
In this case, a(p) = a(p)/+/L for properly normalized plane waves and dn = dpL/2wh (the
number of discrete states with momentum in the range of dp). Then, f(p) = |a(p)|*dn/dp,
which agrees with our result above.
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2. Quantum Mechanics

A collection of hydrogen atoms in the ground state is contained between the plates of
a parallel plate capacitor. A voltage pulse is applied to the capacitor so as to a produce a
homogeneous electric field %

E=0 t<0, E=E&e Y t>0

a) Alflter a long time, ¢ = 7, what fraction of the atoms will be in the [n = 2,6 = 1,m = 0)
state? Assume that & is small, and work to lowest nontrivial order tn &.

b) Working to the same order in & as in part (a), what [raction of the atoms are in the
[n=2,0=0,m = 0) state?

Relevant hydrogen atom wavefunctions r 0, ) are
: Ynlm y

, 1 9
Yoo = ——=¢ 0, g =
ma;

where ag is the Bohr radins. You may express your answer in termns of any convenient
variables, e.g. the Bohr radius, fine structure constant, ete.
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3. Quantum Mechanics

Consider a three dimensional harmonic oscillator

L

b 1 20
!J’(]— E-FEIJI.AJ T

a) Find the energy and degeneracy of the first excited state of Hy.

b) The perturbation
Hy = My +yz + zx)

is added. Find the corrections to the energy and to the states, to first order in A, for all the
2N ,

states consider in (a).
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4. Quantum Mechanics

We consider a quantum system ol 3 distinguishable spin 1/2 particles (for example one
may be an electron, the second a proton, and the third a neutron), whose spin operators
are denoted by §},5%, 53, with components S{, 55, 5§ for a = 1,2,3. The Hamiltonian is,

H = (.YSI (Hg X S;;)
where a is a real constant.
(a) Show that the total angular momentum operator S = S| + S5 + S5 commutes with 1.

(b) Calculate the energy and multiplicity of the states with total angular momentum 3/2.

(¢) Determine the remaining eigenvalues of H and their respective multiplicities.
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Question 2

We consider a quantum system of 3 distinguishable spin 1/2 particles (for example one
may be an electron, the second a proton, and the third a neutron), whose spin operators are
denoted by 5., S,, S5, with components S¢, 5%, 54 for a = 1,2,3. The Hamiltonian is,

H=0S (5 x5) (0.19)

where « is a real constant. i = B

(a) Show that the total angular momentum operator § = S| + S + Sy commutes with H.
(b) Calculate the energy and multiplicity of the states with total angular momentum 972,
(c) Determine the remaining eigenvalues of H and their respective multiplicities.

Solution] to Question 2

(2) Total spin S rotates each S, as a vector. Since the dot-cross product on three vectors
is rotation invariant, so is H.

(b) The system of three spin 1/2 particles has 8 independent states, denoted by [v172773)
with v, = +. We shall use standard notation for spin 1/2 operators, define raising and
lowering operators by S = (S! + 15?)/v/2, and denote their action on states by,

h h
Snyavs) = ’Y:‘§|’71’Y2’Ys> SE |y = %H:) (0.20)

It will be convenient to express the Hamiltonian in determinant form,

st 8} 8§ s 5 &
H=w|S5 5 S =ix|S;] S; S5 (0.21)
S st 85 S

Since [H, 5’} = 0, the eigenvalue of H is constant throughout every irreducible representation
of angular momentum. For the spin 3/2 representation, the highest weight state is | + + +).
IL is straightforward to evaluate /7 on this state, as H consists of 6 terms, cach of which
contains one raising operator which kills | + + +). Hence, all four states of the spin 3/2
representation have vanishing eigenvalue for . These normalized states are,

|+ ++) Z5 () =)+ | = +4)
|- =-) (|~ —# =)+ |+ =) (0.22)

(c) The remaining 4 states transform as the direct sum of two spin 1/2 representations.
They are orthogonal to the states of the spin 3/2 representation, and may be chosen to be

4



mutually orthonormalized,

1
la+) = %(I++—)—l+—+>)
1
|b+) = %(|++—)+|+—+>—2|—++)) (0.23)

as well as the states |a—) and [b—) obtained by reversing all signs inside the kets in the above
expressions. Evaluating A on the tensor product states, we find,
ha
Hi++-) = ZiaI(|—++)—|+—+))
k3
2iaz(l++—) —|=++))

H|+ —+)
h3
Hl—++) = 2iaT(|+—+)—|++—)) (0.24)
along with the equations obtained by reversing all signs inside the kets, so that we find,

3
Hla) —i\/ﬁa%lb:{:)

3
Hlbt) = +i\/§a%—|a:l:) (0.25)

As a result, the normalized eigenvectors of H, and corresponding eigenvalues are,

L (o) — ifb)) Vil
V2 4
1 . K3
% (|a:!:) + libﬂ:)) - 30—4- (026)

Each eigenvalue has double degeneracy. Note that the sum of all eigenvalues vanishes,
consistently with the fact that tr(H) = 0.
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5. Quantum Mechanics

A non-relativistic particle of mass m is scattered by the central potential
2
h* 1

ma? cosh?(r/a)

V(r) =

where a is a constant.,

a) Reduce the Schridinger equation for the s-wave to the [ollowing equation,

P ep(ar) 2

2 e
da cosh”

o) + aPd(x) =0
For each value of o2, this equation has the following two solutions,
() = etior (t"{mh o = f'ﬂa)
b) Calenlate the s-wave contribution to the total scattering cross section.
¢} Does this system possess any bound states 7 Justify your answer.

Useful Formulas:

1 - ; (:ikr
'tf!k(l') W |:(I'k + f(k ,k)—;"“
T = 3 2+ 1)jilkr) Pi(cos 0)
=0
¢ o208 _
(K k) = Z(QIH}TH(COSO)

1=0

(i1 ]
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QUANTUM PHYSICS

Fall 2011 Comprehensive Exam Questions

Question 1
A non-relativistic particle of mass m is scattered by the central potential
h? 1
ma? cosh*(r/a)

Vir)=—

where a is a constant.
a) Reduce the Schrédinger equation for the s-wave to the following equation,

d*¢(z) 2
dx? cosh

—6(z) + a%(x) = 0
For each value of a?, this equation has the following two solutions,
¢+ (z) = er™*(tanh z F ia)

b) Calculate the s-wave contribution to the total scattering cross section.
¢) Does this system possess any bound states 7 Justify your answer.

Solution to Question 1
a) The Schrodinger equation for the system is
-
——V2i4h V)= Ey (0.1)
2m

We decompose the wave function in spherical harmonics Y;,., and recast the energy F in
terms of momentum Ak by the customary relation,

h2k2
== mdlm T 2
Y= RinYi B (0.2)
Im
T'he radial wave function Rgo(r) for the s-wave satisfies the equation,

d* 2d 2 1 .
—+-—+————+k*) Ryo=0 0.3
(d’r2 rdr  a®cosh®(r/a) ) o0 (0:3)



Setting Roo(r) = ¢(z)/z, with z = r/a, we find the desired equation for the reduced wave
function ¢(z), where a = ka.

b) The following formulas should be provided to the students,
W) = i (e 0
<0 = g | IS

et = > il(2l + 1)ji(kr) P(cosf)

=0
asd e?i61_1

FlK k) = D (2+1) 5Tk Py(cos 8) (0.4)
=0

The s-wave part of the scattering function is
1 sin(kr) e¥d — 1 "
Wlr) = 372 - P
(2n) kr Bk 7T

1 2ibo ik —ikr
Sk (@n) [eboethr — e7i7] (0.5)

We know the solutions to the radial equation are ¢.(z)

p1(z) = e***(tanhz Fic)

Up(r) = ZIREIFIE e (0.6)
The radial part of the wave function is a linear superposition of ¢4,
#(zr) x Aydi(z)+ A;¢— (z)
= A,e™* (tanh - = io:) + A_e”H (tanh 2 + ia) (0.7)

where A, are two constants. The wave function ¢(z) behaves as a free wave at co. It must
also satisfy a regularity condition at r = 0. All together, we must impose,

#(0)=0 H(r > a) x etk — g7tk (0.8)
which gives rise to the conditions,
a(A,—A) =0
Are* (1 —ia) + A_e ™ (1 +ia) o« e*ogihr — g7 (0.9)
From these equations, we deduce,

1+ 1+ tka

e (0.10)

2



Finally, the s-wave contribution to the total cross section is

4r

My (0.11)

c) To analyze the existence of bound states, we need £ < 0. This is achieved by ana-
lytically continuing a to imaginary values, @ = —ia, and then taking the new a to be real.
The corresponding solutions are still given by the general form with o = —ia,

¢+(z) = e***(tanhz F a) (0.12)
The general solution is thus allowed to be of the form,
$a(z) = Ardi(z) + A_¢_(z) (0.13)
Imposing regularity at the origin, as well the bound state asymptotics at oo,
$a(0) = 0 da(+00) =0 (0.14)
The condition ¢,(0) = 0 requires A, = A_. The solution then becomes proportional to,
Pa(z) = e**(tanhz — a) + e™**(tanh z + «) (0.15)

This expression is symmetric under & — —a, so we assume a > 0 without loss of generality.
As z — +o00, we have ¢o(z) ~ A, e°*(1 — a). The bound state boundary condition thus
requires & = 1. It is manifest, however, that @o—,(z) = 0 identically. This looks surprising,
since the two solutions ¢4 (z) would seem linearly independent. Computing the Wronskian,

(¢ 6- — ¢_0.) (z) = 2a(1 — a?) (0.16)

we see that ¢, and ¢_ are linearly dependent for & = 1. The missing linearly independent
solution may be obtained by taking the derivative in a,

~  Ogo(x) __ 2
¢(z) = da L=1_ coshz _ 2Sinhz (0.17)

While this function satisfies the regularity condition at z = 0, it diverges exponentially as
T — 00, and can thus not obey the bound state asymptotic condition. Therefore, there are
no bound states for this problem. Note that a generalization of this equation, given by

a2 1
(@ ———"::(;:hfr) - a’) é(z) = 0 (0.18)

for m integer, has m — 1 bound states. The case at hand here is m = 1.
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7. Statistical Mechanics

Consider an idealized crystal that has N lattice points, and the same number of inter-
stitial positions (places between the lattice points where excited atoms can reside). Let v
be the energy necessary to displace an atom from a lattice site to an interstitial position
and let n be the number of atoms occupying interstitial sites in equilibrium (at a finite
temperature).

a) What is the entropy S of this crystal?
b) What is the temperature T of this crystal?

Assume that n > 1 and N —n > 1.



3. SM

Consider an idealized crystal which has N lattice points and the same number of inter-
stitial positions (places between the lattice points where excited atoms can reside). Let E be
the energy necessary to displace an atom from a lattice site to an interstitial position and let
n be the number of atoms occupying interstitial sites in equilibrium (at a finite temperature).

(a) What is the entropy S of this crystal?

(b) What is the temperature T' of this crystal?
Assume that n > 1 and N —n > 1.
Solution:

(a) There are CY ways of selecting n (indistingsuishable) atoms from N (distingsuishable)
lattice sites, and Cf:" ways to place them into N interstitial sites. The microscopic state

Al

number is thus £ = (C)? and the entropy

!
S = kBan = Qkﬂlnm
Using Stirling’s formula, Inn! = nlnn — n, then:
S=~2%p[NInN - nlnn— (N —n)In(N —n)] .

(b) Minimizing the free energy F' = nE — TS as 0.F" = 0, we get

E

E = 2ksTIn(N/n - 1 = _
sTIn(N/n=1) = 2kp In(N/n — 1)




Questions for the Comprehensive Exam Fall 2011 8

8. Statistical Mechanics

Consider two identical particles in a box of volume V', under conditions such that classical
(Boltzmann) statistics applies. The particles interact through the potential:

vey={ 7 1S

0, r>b
where 1 is the distance between the (point-like) particles.

a) Calculate the average pressure at temperature T (ignore the fact that the fluctuations
in this quantity are large due to the presence of only two particles).

b) For £ > 0 comment on the physical meaning of your result in the limits /7" 3 1 and
gfTh« 1;
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Hector
Sticky Note
There should be a square here.


-}/J‘"( 5 > o ‘ - ’
T 3 - | |

P _5'7 2 e - —_ - —_— .2 ;f' < . , ”)
I/ % v, :

JfIL*-’{. o) G :) RATE 2

}J(}fiiﬁ 7 f;ﬁ.c Z;_’r’ (JHAQ 7(Z-L f')”’l’(’fj i AJUL‘;()-

| i L”{_){’,‘} g/j 1 ey "
iy ase el B Sl T |
S’f‘)’f&' /Lu"’lz'yé‘f W&ZAJ*‘J [/v(ébwﬂ ‘é?(’wz,{dr;{ {ok uﬁ_{

1/,;;1 41{")w‘(l ,'} /b s /ru?‘au'f(g,?)h

;_“*g%v /
| o=

FREY
{



Questions for the Comprehensive Exam Fall 2011

<

[@] Statistical Mechanics

A pas that deviates slightly from ideal behavior exhibits an equation of state given by

s (1
pr =Rl — —
123
where p is the pressure, 1" is the absolute temperature, I is the gas constant, “a” is a small
constant coefficient, and v is the volume per unit mole, i.e. ¥ = V/N,,. The system consists
of N particles corresponding to N,, moles.

a) Deduce the dependence of the partition function # on volume for this gas.

b) Use your knowledge of the perfect ideal gas to identify the fully normalized partition
function for this system. The answer should include the proper quantum normalization
for phase-space and account for indistinguishability. The particle mass is m.
. . . § T - o 10 o) N3 o i
¢) Il the average energy for this system is given by 1Y = SNWRT + a—, find the specific
heat at constant pressure, i.c. ¢, . Give your answer in terms of 7" and 1.
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Questions for the Comprehensive Exam

10. Electromagnetism

Fall 2011

10

A small sphere of polarizability o and radius «a is placed at a great distance from a
conducting sphere of radius b, which is maintained at a potential V' relative to mfinity. Find
an approximate expression for the force on the diclectric sphere valid for r = a.
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Questions for the Comprehensive Exam Fall 2011 11

L1. Electromagnetism

A thin spherical shell of radius /2 has a constant surface charge density o and is rotating
with angular frequency w. Find the magnetic field inside and ontside the shell.
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Questions for the Comprehensive Exam Fall 2011 12

12. Electromagnelism
A plane polarized electromagnetic wave 15 = fge' >~ <H% is incident normally on a flat
uniform sheet of an excellent conductor (o 3 weq) having a thickness 1.

a) Assuming that in space and in the conduction sheet pu/py = ¢/gg = 1, calculate the
amplitude of the transmitted wave and of the reflected wave

b) Calculate the amount of light absorbed by the metal in the approximation 172 = oo

Hint: for the complex index of refraction of a metal you can use n? = 1 + i fweg



Soflstions D

< 7
~ + \ — Nne|
=l = IS ) ,

Kt

€=
us'.ng Baoudvy R TA R

E.’|+E~»r: E»"’E/Z

© E; —g, = n\E,—E;>

P

"Dé-f—cz—‘@ = &
©  hgerr- Es D = g
LLS\ué T Second anes -~
c= St () 72 €, -Elne™

2N / 2N

-

E(+n) + Slion)

ﬁww
| 5 -

c - E.(1-n)+ cz,(nm)‘
i 2

Then £ - Et[gﬂ) Dot -.Q—n\c""D]

——

E,’__ Q '2)61\:1) (‘ n )e\k..b E_ g }C‘KP(I ﬂ mb
E - 4N (H,,gz "‘Q ) »(D






Hector
Sticky Note
There is a contribution from Et which I don't think can be ignored.

Hector
Sticky Note
By definition, this should be squared.
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13. Electromagnetism

Consider a conducting sheet of thickness 2a along the z-direction and having conductivity
o. It is forced to carry a uniform current density j along the z-direction. The current sheet
is surrounded by two parallel walls at a distance b [rom the center ol the sheet. The walls
can be considered to be perfect conductors at zero electrostatic potential. The sheet and
the walls can be approximated as infinite in the other two dimensions (y, z). Here (2,y, z)
refer to a Cartesian coordinate system with origin at the center of the sheet. The region
between the current sheet and the walls is vacuum.

a) Find the electric field vector everywhere in this system.
b) Find the Poynting vector inside and outside the current sheet for o > 0.

c¢) Use conservation of energy to deduce the value of the perpendicular component of the
Poynting vector at the surface of the sheet, i.e. at 2 = a.
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