UCLA Physics Fall 2019 Comprehensive Exam

8. (Electromagnetism)

An electron is bound to a spring with spring constant k, free to move in three dimensions.

(a) Calculate the scattering cross section for linearly-polarized EM waves of frequency w incident on
the electron.

(b) In what limit for the incident wave frequency should the total cross section equal the Thomson
scattering cross section? Take this limit and confirm that it results in the Thomson scattering cross
section.

(¢) In what limit should the total cross section yield Rayleigh scattering? Take this limit and confirm
that the cross section is consistent with Rayleigh scattering (what is the frequency dependence you
expect?).
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Solution: Solution by Audrey Farrell

(a) In order to determine the cross section, we need the incident and radiated power

<Prad> 1 2 Ho =2
= . = — E P - (=
g <Sznc> 3 <Sznc> 2 Ce€o Ly, < rad> <67TC |p | >

In order to find the radiated power, we need the trajectory of the electron inside the wave.

There are a few key assumptions in order to do this problem quickly: 1) The incident waves
are time-harmonic and linearly polarized in &, 2) the electron velocity is small enough that
magnetic force is negligible, 3) damping is negligible, and 4) the electron response is at the
same frequency as the incident wave.

With these assumptions in place we have a 1D equation of motion rather than 3D, with the
spring and Lorentz forces in the Z direction
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where ¢ = e is the electron charge, I'll leave it as ¢ for now to disambiguate from exponentials.

Since we’ve assumed the electron responds at the same frequency w as the incident wave (phys-
ically this corresponds to enough time having passed that transient frequencies have died off),

we can solve this quickly using Fourier analysis, & — —w?x
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This position corresponds to an oscillating dipole moment
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giving a radiated power of
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and cross section
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Using the classical electron radius
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(b) The Thomson limit corresponds to w » wy, so the electron behaves like a free particle and the
spring plays very little role in the dynamics of the system. In this limit (w3 — w?) — w? and

8T 4
Owu»wy ?7‘6 =or

which is the Thomson cross section for unpolarized incident light.

(¢) In the Rayleigh limit w « wp, and the cross section is
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This frequency-dependent cross section is what we expect in Rayleigh scattering (high frequen-
cies have a higher cross section, and the sky sure is blue).
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