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Quantum Mechanics

Basic formalism

h d
Canonical relations: p = ——; [z, p| = ih
v dz
Schrodinger equation: zh% = H|ys(t)) ; U(t) = e /" for time-indep H
: : do 1 00
Heisenberg picture: Oy (t) = U'(t) Os U(t); d_tH == O (t), HH(t)]—l—E Y
Pl | eipx/h
ane-wave normalization: (x|p) =
(olp) = ——
F
Commutators: [z, G(p)] = ihaG p, F(z)] = —z'ha—

a_p; ox

) ) 1 )
BCH lemma: eXYe X =Y + i X,Y] - E[Xv X, Y]] - %

BCH formula: eXe¥ = eXTY+3[X Y]+

(X, [X, [ X, Y]]+ ...

Quantum harmonic oscillator

Hamiltonian: H = % + %mu}2 = %hw(P2 + X?) = hw (aT a+ %)
Unitless coordinates: X == (%) v = %(CL + a')
P Gy~ a0
Raising /lowering operators: a = XL\/;P; al = X;\/;P; [a,a'] =1
Eigenstates: H |n) = hw (n + %) caln)=+vnln—1; a |n) =vVn+1|n+1)

mw 1/4
> o~ X2/2

Ground state wave function: y(X) = <_h
T



Time-independent nondegenerate perturbation theory
First-order energy correction: ES) = <n(0)}V‘n(0)>
KOV ]n @)
Er(LO) _ E,io)
(KO )
EO _EO

Second-order energy correction: Eﬁf) =
k#n

First-order ket correction: ‘n(1)> = Z ‘k’(o)>
k#n

Generat ket (1~ F0) i) = () ) 191 4 59 o) .+ 59 o)
General energy: EY) = (n@|V|nU~1)

Time-dependent perturbation theory
Interaction picture:  [¢;(t)) = Ud(¢) |1hs(t)); O;(t) = Ul (#) O (t) Uy (t)

| ) oy 1 90
Time evolution: @hT = Vi(t) [¢r(t)) ; 3 i [Or(t), Ho(t)] + E‘I

- t
First-order transition amplitude: (m|U(t)|n) = 6mn—%/ dt’ ¢! Em=EDt /0 (| V(') n)
to

dP 2
— = W..?P0(E,—E,) ~
2 P 8(B — B

dPE 2 9
— = — Vol 0(En—(E,thw)) =~
B 2y P (B (Bt

2T

Fermi’s golden rule (steplike): ﬁp(En> ([Vinnl?)

2

Fermi’s golden rule (harmonic): ﬁp(En:l:hw) (|Vinnl?)

WKB approximation

TR 1
Quantization (free on both sides): / dz \/2m(E -V (z)) = 7h (n + 5) ,n>0

L

TR
Quantization (hard wall): / dx \/2m(E — V(x)) = 7h (n + 2) , n>0
0

1 * h2k?
Classically allowed region: ¢ (x) o W exp (:I:z/ dx’ k(az’)) : E= +V(x)
T

2m
: . : 1 [T hk?
Classically forbidden region: () exp | i [ da’ k(2") |, E = —V(x)
VE(x) 2m



Scattering

General formalism

1%
T-matrix: T = =V +V(E—-Hy+in)'T
matrix = (F—Hytin) 'V + V( 0+ in)

Lippmann-Schwinger:  |f) = |i)+(E— Ho+1in) " 'T|i) = |i) +(E— Ho+1in) "'V | f)

Green’s functi i (r|(E — Hy + in) ') Lt
reen’s function: — (r|(E — i Py =
2m 0 4 |r — /|

1 ) ikr
Scattering state (far-field approximation): f(r) = a2 (e’k'r + (K, k) er )
Scattering amplitude:  f(k', k) = _mL” K |V|f)
ring amplitude: k) =0

d
Differential cross-section: 0= (K k)[?

do
Total -section: = [ dQ) —
otal cross-section: o / 10

4
Optical theorem: o = % Im f(k, k)

Born approximation

6
Momentum transfer: q =k’ —k; |q| = 2k sin 2
First Born approximation: f(k', k) ~ —QW;Z d3r' V()T
T
2 o0
First Born approximation (isotropic V): f(k’, k) = —% drrsin(qr)V(r)
q 0

Partial waves for isotropic potentials

_h_2dng 20+ 1)
2m dr? 2mr?

Boundary conditions: wuy(r) =rR,(r) and wu, —0asr —0

Radial Schrodinger equation: we(r) + V(r)ue(r) = Eue(r)

Wave functions in free-particle zone:  Ry(r) o< cos &y jo(kr) — sin dp ne(kr)
Ro(r) o e ni) (kr) + b (kr)
up(r) o cos dg sin kr + sin dy cos kr = sin(kr + dy)

sin(kr — (m/2)
kr ’

cos(kr — I /2)
kr

ne(kr) ~ —

Spherical Bessel functions: j,(kr) ~



Spherical Hankel functions: h(l)(k’r) = Jo(kr)+ing(kr); hf)(k‘r) = jo(kr)—ing(kr)

. . - e — 1 e¥rging,
Scattering amplitude: ; (20+1) foPy(cos8) for fr= o ?
Cross-section: o = k—ﬁ ZO (20 4 1) sin®

Angular momentum
Commutation relations: [J;, J;| = ihe;jiJy; Jy = JpEidy; [Jy, J_] = 2hJ,

Eigenvalues: J?|j,m) = 8% j(j + 1) [5,m);  J.|j,m) = hm|j,m)

m) =h\/(j Fm)(j £m+1)[j,m*1)

Raising and lowering operators: Jy |j,

C
Wigner-Eckart theorem: {(o; 5/, m T a; 7, Ckim, qly, ki, m)) ——
g (s ', m!|TP s j, m) = (j qlj, k;j', m') TES

Orbital angular momentum

Definition: L=r X p

1
Spherical harmonics: YOO =1/—
47
/3 [ 3z /3 Lo . 3ty
YO — 2 - = %) f = -~
! 7T 4’ - 87re S + 8T r
V= Reost) Ve = (e Y = (-,
11 —13.6 eV e
Hydrogen atom eigenstates: FE, = —2(422‘)2712 — R > ¢ for m = TI”ZLT% M,
Aegh? 2 1
Bohr radius and fine structure constant: ag = %; a = 47‘;1% R~ 'Er:
) . 2 _,
Hydrogen atom radial wavefunctions: Ryo(r) = = ¢ /a0
0
1\*? r 11N\ r
R —9( — 1— — —7"/(2a0); R R L —7r/(2a0)
w(r) (2%) ( 2a0) ’ a(r) V3 \2a0) a"

If nuclear charge is equal to Z|e|, replace ag by ag/Z



Spin angular momentum

. . 01 0 — 1 0
Pauli matrices: o, = (1 O)’ oy = (z 0 )7 o, = (0 _1>

0 , 0
Bloch sphere: |6, ) = cos 2 1) + €'¢sin 3 I4)

h
Spin 1/2 in a magnetic field (SI): H =—p-B = 59" B = —guga -B

gkl e

Gyromagnetic ratio; Bohr magneton (SI): ~ = ; B ; Jelectron = 2
2m 2m



Classical Mechanics

Newtonian mechanics

ctwv
Nonrelativistic Doppler effect: f, = .
c =+ v
+uv, if receiver moves toward source; +uv, if source moves away from receiver
dw
Centrifugal; Coriolis; Euler forces: —mw X (w X r); —2mw X I} —me- X T
Formation rules
Lagrangian Hamiltonian
Nonrelativistic Newtonian mass: +5m|t]? —i—%
Scalar potential: —V(r,t) + V(r,t)
Vector potential: +qr - A replace p by p — ¢A
Holonomic constraint: + (constraint) —A(constraint)
. . |2
Special relativistic mass: —mc?y /1 — % ++/(mc2)? + (|pc)?

Lagrangian mechanics

Lagrangians

Stationary action principle: § ( / dt L(q, c],t)) =0

d (0L oL
Euler-Lagrange equation: T (6—(]) — 8_61 =0
. oL
Canonical momenta: p= 2
L
Energy: FE = a—_q’ — L
9q

Lagrangian densities

Stationary action principle: § </ dt &>z L(¢, b, Vo, t)> =0

0 oL oL oL
Euler-Lagrange equation: — +Vil=—])—-———=0
prsE ot (a@@) (a<v¢>> 26

Energy continuity equation: —

ot | 9(0p) Ot (Vo) ot
oL
Energy-momentum tensor: 9,7% =0 for T", = ——=0,¢0 — 0" L
& a "= 00,0

a[ oL (%—cbv-[ oL agb]zo oOL
ot

0



Hamiltonian mechanics

0L
Hamiltonian: H(p,q,t) =pj— L = 5 j— L
q

. . . OH . 8H
Hamilton’s equations of motion: p = 50

8W
Hamilton-Jacobi equation: ( q, q, >

E
af o
Poisson bracket: {f, g} = Z (dqf 0;] 8p 0q; >

Adiabatic invariant: J o ]{ p dq

Canonical transformations

oF oF oF
Fl(QaQat) pbi = 8(]1’ B:_TC;; H/:H+a_tl
oF: OF: OF:
Fy(q, Pt) pi = 8q-2; Qi:a_;; H’:H+a—;
OF: OF: OF:
F3(p,Q,t) qi=—ap§; 1%:—%;; H’:H+8—t3
8F4 6F4 / 8F4
F4<p7 P>t> qi apla Q aR + 875
Fluids
Euler hydrodynamics: % +V.(pv)=0
oS ov
— =0; — =—-VP
S s=0 | Ty (0.5)
P
Speed of sound: ¢ = 8_
dp
2
P
Bernoulli’s law: % + gz + — = constant
P
D D 0
Kelvin circulation theorem: Di j{ v-dl=0 for Dl v-V

~

Vortex: v = —0
r



Special relativity

Sign convention: (—1,+1,+1,+1)
1

v

Relativistic factors: [ = —; e ——

c /1— /32

Lorentz boost: A = ( v _67>
By
Metric invariance: An AT = n
ly
Time dilation; Lorentz contraction: At = v ATyes; ¢ = xest
Y

Classical mechanics

dE d 1

u—v
Velocity transformation: o' = ———
1 —uv/c?
Energy and momentum: FE = ymc?; p = Yymv; V= 02%

Energy-momentum relationship: E = /(mc?)2 + (|p|c)?

A?" S 1 . .
Relativistic Doppler effect: S ;— = % (6 > 0 if source and receiver move apart)
Electromagnetism
Four-vectors: J* = (¢p, J); At = (¢/c, A)
Field transformations: Ej = Ej; B| = B
1
E, =+v(EL+vxB); ’sz(BL—gvxE>
0 —-E,/Jc —E,/Jc —E./c
. E,./c 0 -B B
. WY Ol AV__ QY AR T z y
Electromagnetic tensor: F* = 0*#A”—0" A E,Jc B, 0 B,
E./Jc —B, B, 0

Four-vector Maxwell’s equations:  (0,0")A” = 0,F" = poJ”



Statistical Mechanics

Elementary thermodynamics

Euler relation: E =TS — PV + uN
Energy: dE =0Q — W =TdS — PdV + pudN
Helmholtz free energy: F =FE —T'S; dF = —=5dT — PdV + udN
Gibbs free energy: G=FE —TS5 + PV, dG = —=SdT' + VdP + pdN
Enthalpy: H = E + PV; dH =TdS + VdP + pndN
Grand potential: & =—-PV =FE —-TS — uN

Maxwel: 2L __oPpory _ovi o 05) _opp 051 oV
oV 9S| . op| o9s|’ ov| or|’' 9P| 0T
S 1% S P T v T
Stat mech definitions
1 9S 1
Entropy and temperature: S = kln§; T =3 g = (kT)
Stirling’s formula: N!~ N¥e ™ Vv/2rN; In(N!) x NInN — N
Heat capacity: Cx = Tg—;:
X
e AN
Poisson distribution: P(N) = i
Ensembles
InZ InZ
Partition function: Z = zr: e PEr. E = —8;5 = kT? ('361; : F=—-kT'lnz
1
Grand partition function: @ = Z e PEr—pNr). N = k’Ta ne
T 6M

Monatomic ideal gas

i B2 1/2
Partition function: Z = NEN for A= (QkaT>

Equation of state: PV = NET =nRT

3
Energy: FE = éNk‘T

ov

P



V1
Free energy: F = —NkT <ln [N )\3} + 1)

Vi
hemical ial: = —kT'1
Chemical potential: p kT In [N)@] <0

C Nk
Adiabatic expansion: PV? = constant for = S |
Cy  Cy
3/2 m(v:+v? + v?
Maxwell velocity distribution: P(v,,v,,v,) = (2727,) exp (— ( 215: ))
Heat engines
Conservation of energy: Qp — W = Q¢
w T
Efficiency of a heat engine: n = =1- QC <1 n= 1-=5 for a Carnot cycle
QH QH Ty
Quantum gases
Occupation numbers
1
. . . . . FD
Fermi-Dirac distribution: nj = (¢) = e
1
. . . . . BE
Bose-Einstein distribution: n; “(e) = e 1
Maxwell-Boltzmann distribution: 1B (e) = e~ #lex=r
Fermi gases
2F
E ti f state: P =—-—
quation of state 3V
FLZ N 2/3
Fermi energy (nonrelativistic 3-D electron gas): Ep = 2 <37T27>
m
3
Energy at T'= 0 (nonrelativistic 3-D electron gas): FE = gN Er
Bose gases
2 F
Equati f state: P=-—
quation of state 3V
d®p 1

Critical temperature: N = gV/ e W

N(e=0 T\**
Number of particles in ground state: % =1- (T)

10



Photon gases and blackbody radiation

4 1E Power radiated w2kt
E=—oVT% P=—-—; =oT* f -
d ’ 3V’ Area 7 7T some
Debye model
N 173
Wwp = Cg (67r27)
Other examples
Joule-Thomson process (throttling)
oT 1 o 1 10V
AH = 0; =~ - (722 4V =——V(1-al) * e
- "Tap| CP<8PT+> g,V at) for o Var|

Clausius-Claperyon equation

aw_ L L latent heat of izati ticl | ticl
ar — TAwv atent heat of vaporization per particle, v volume per particle
Magnetization
olnZz oF
M=kl—=——"
0B OB
T,V,N

Van der Waals gas

2

an
(P + W) (V —nb) =nRT

11



Electromagnetism

p

Maxwell’s equations: V -E = — V:-B=0
€0

0B 1 OE

VXE=—— V XB=pud+—-—

% ot XB =l T G

Maxwell’s equations in matter: V -D = ps V-B=0

0B oD
VXE=—— VXH=J;+ —
ot URT

Lorentz force law: F = gE + qv x B; dF =pE+J x B

0
Continuity equation: a—'; +V.J=0

0A
Potentials: E = —or \ B_VxA
. 1
Speed of light: ipep = —
c
Statics
Electrostatics

4reg 22

1 ! 1 !
Integral formulas: E = —— / d>r’ w&; V=— / d>r’ w; 2=1—1
2
Electric potential: AV = — /E - de; E
, : 1 L[ s,
Work required to assemble a charge collection: W = 5 Z q;Vi = 5 a’r’ pVv

Magnetostatics

J
Vector potential (Coulomb gauge): V-A =0; VA = —pugJ; A= Z—O/dSr' S
T

A

. . 0 .
Biot-Savart: B = = 2 dx 2

™

/ Ixz2 po [Ide xx

12



Multipole expansion

1 .
Electric multipole expansion: V(r) = e [g + % + Qij
0

3r,r: — 1r28;

%+]
r

Q= | &rp(r); = [ d ; = T

- P I'), P = Tp(r) r; Qz] - 2 r,o(r) T’Lrj

1

T€Q

iré—lﬂpg(cose) { / d*r’ p(x') (") Py(cos 9’)}

£=0

Legendre polynomial expansions: Vg, = 1

- 47360 i ' Py(cos 0) [/ d>r’ (T/)lulp(r’)Pg(cos 9’)]

=0

Vi

Electric dipoles

1 - T
Electric dipole moment; potential p = / &r' p(r' 'y, V = P r
4mey 12

R 1 3(p-1)f —
Electric field, dipole at the origin: E = L(2 cosf t+sinf ) = (p-)F—p (r #0)
4dregr3 47eq r3

Ideal electric dipoles: p=qd; T=pxE; F=(p-V)E; U=-p-E

Magnetic dipoles

1
Magnetic dipole moment; potential: m = §/d3r' r' x J(r'); A=""

~ 3(m - #)f —
Magnetic field, dipole at the origin: B = Ho (2cosft+sinf ) = #o 3(m - £)f —m (r #£0)
43 A r3
Ideal magnetic dipoles: m = Jafi; T=mxB; F=(m-V)B; U=-m-B
Magnetic dipole moment from angular momentum: m = %L

Matter
Bound charges: p, =—-V - P; o,=P-n
Electric displacement: D =¢E+ P
Linear isotropic homogeneous dielectrics: P = ey E; D =¢(1 + x.)E = €¢E

Bound currents: J, =V X M; K,=M xn
Fictitious magnetic charges: p,, = —V - M, om=M"-1
B
H field: H=—-M
Ho
Linear isotropic homogeneous magnetic materials: M = x,,H; B = po(1+xm)H = uH

13



Potential theory

Solutions to Laplace’s equation

= B
Spherical—azimuthal symmetry: V = E <Ag7"€ + Tﬂ) Py(cosb)
r
=0

Cylindrical—azimuthal symmetry (Dy = 0 in a simply connected region):

- B
V = (Ap+ Bolns)(Cy + Doyp) + Z <Aksk + s_:> (Cysin(ke) + Dy cos(kyp))
k=1

Cylindrical—Bessel functions:

2P 2z
0 ( 8R> + (821-62 — az) R=0; 0 —a?®; 0 = K7

9s \"os 0% D22
Ao+ Bylns for k=0 and a=0
o Ays® + Bos™@ for k=0 and a#0
@) AfJu(ks) + BEY,(ks) for k? >0 (exponential in z, oscillatory in s)

AL (ks) + BEK,(ks) for k%<0 (oscillatory in z, exponential in s)

Y., Ko,—00 as s—0

Mathematical relationships

Sines and cosines: / dz sin(mm) sin( mmc) = gdnm
0 a a
2 ) )
/ dpe™?e™"? = 216,
0
! 2
Legendre polynomials: /1 dzx Py(x)Py(z) = TR 165m
3x2 -1 5x3 — 3z
Py(x) = 1; Pi(x) = z; Py(x) = 5 Ps(x) = —y P(1)=1
Boundary conditions
~ g o ~
n(EQ—El):E—, H(DQ—Dl):O'f, nX(EQ—El):O
0

fi-(By—By)=0; fNx(By—By)=pK; ax(H,—H)=K;

n points from medium 1 to medium 2

14



Green’s functions

Definition: V?G(r,r’) = —ld(r —r')

€o

8GD' GD(rs,I'/) = 0

Dirichlet Green’s fn.: ¢(r) = /d "p(r)Gp(r,r')—e /dsl cbs(r/)m,
s

1 , / 1 [
Delta functions: d§(z — 2') = 2—/ dk e*===) = —/ dk cos(k(z — 2'))
T Jo
1 — :
S im(p—¢')
=g =gz 3 s

Energy and momentum

Energy

a mec
Mechanical power: u@t P~J.E

1 1
Electromagnetic energy density: wugy = 5 (E-D+B-H)= EEOE’2+2—B2 in a vacuum
Ho
. : ) . 10 9
Electromagnetic energy density (time-harmonic field): (ugy) = §a—(ew)E
w
1
Poynting vector: S=E x H = —E x B in a vaccum
Ho
e 0
Poynting’s theorem: ug; 4 QgiM +V-S=0

Momentum

Mechanical force density: f=pE+J x B

S
Electromagnetic momentum density: g= — =¢E x B in a vacuum
c

1 1 1
Stress-energy tensor (vaccum): T;; = € (EiEj — §5ijE2) (B B; — 251'3‘32)
Ho

Momentum conservation: f -+ 98 _ V.T=0

ot
Circuits
Q Ll 1Q7 _
Capacitors: C = v = §C’V =5 Z = C
dI 1, .
Inductors: ¢ = E.-dt= LE; W = éLI ; Z =iwlL

Resistors: V = IR; P=I*R=1V,; Z =R

15



Waves

Wave equation (vacuum):

c
w = —k;
n

Plane waves: n =

Phase velocity; group velocity:

Impedance:

Conductors:

Plasma frequency:
Time-averaging theorem:

Waveguides
Transverse Electric (TE)

€ =
u}p:

(Re(4) Re(B)) =

1 O’E
2 _
VE=Goe =0
1 kxE
He ; (S) = —¢ocE?; B =
Ho€o 2 w
Wa dw
VPZE; Vg:d_k
_E_Jn
H €
e+iz; k* = Euw?
w
2 w?
B g
meg w
1

Transverse Magnetic (TM)

E.=0
(Vi+7*)H.=0

ih

HJ_:_2VJ_HZ
Y
EL:—%QXHL

Structural dispersion:

H.=0
(Vi+7)E. =0

ih

EL:¥VJ_EZ
We .
HL—TZXEJ_
v = pew? — h?; ¥ >0

16



Method of images

Conducting plane

€ | &o
0l bd-a@
e q
¢ =—q
Dielectric plane
Setup Image Charge Configuration 1 Image Charge Configuration 2
€ i €r € E €L fRE €R
i E i
q : q | a q ;
@ o BRCHINON
I I 1
i E i
| S I;\r—’
Valid here Valid here
¢ LRy gl 2R,
€1, + €r ’ €r, +€r
Conducting sphere Conducting cylinder
2
d )
PANQ) 0q o\
a ¢
R R? R?
= ——q a=— N = =\ a=—
=g d d



Fresnel relations

Snell’s law:  n; sinf; = ny sin
ry % ?z = 2 ¥z
@ @ n Y\Z E . Ce m V\Z ;1
[ o f
9. ez el 92 &
e\ ( e| (
E;\ b
®h: ® €
p-polarization s-polarization
Z1cos b, — Zy cos by Zycos b — Z; cos by
r, = ry =
P 7, cos By + Zy cos by Zycos by + Zy cos by
_ mngcosfy —nycos by _ mycost —nycos by
" nycosf; + ny cos by * " nycosby + ng cos by
. 275 cos 0, o 275 cos 0,
P Z, cos Oy + Zocos by * Zycosby + 7y cos by
2n4 cos 04 2n4 cos 64
tp = ts =
Ng cos B + nq cos Oy n1 cos 01 + ny cos by
W17,
> ALl Ny
Ee
T -
¢ Er
ORa T
1 T O
O,
Normal incidence
ZQ - Zl ny — No + 2Z2 27?,1
Z1—|—ZQ ny + No Z1+ZQ ny + N9
Sr)-n Z1 cosf
Power reflection coefficients: R = |r|?; T = (Sr) —| =21 2 1¢)?
(S;)-n Zo cos by

18



Electrodynamics

1 9¢,

Lorenz gauge condition: V- Ap 4+ —-—— =10

Inhomogenous wave equations:

Retarded potentials:

¢(r, 1)

4meq

/

c? Ot
1 9%¢p, p

Vir——55 =i  VAL-

c? ot? €0

d3r’ p([’l,t - /L/C)

19
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Radiation and scattering

Generally applicable—radiation

. . 8 3 /e / T f‘ * I',
Radiation vector: a(r,t) = 5% ar'jlet— -+ (20.143)
c

c
OA,, .
Fields: ¢Brg = —F x —; d_ —4’7‘frr xa (20.107)
0A...
Eraq = —F X (Bag = F X (f x — d) (20.108)
I x Erad = CBrad; Erad X CBrad =71 ‘Erad’2; ‘Erad| =cC ’Brad’ (20109)
dP 2 2
Power radiated: 10 72#-S1aq = CT_MO |Eraa|” = TM—OC 1Bad|” = (4Z320 It x af> (20.81) (20.110)
1 E.. 2 c
Srad - _(Erad X CBrad) - @ - |Brad|2
HoC HoC€ 0
s _— dP 2 N 2
For j(k,w) = /d?’r'j(r’,w)e_’k'r, <d_Q> = 2&0:)20 F X jk,w) (20.120)
Generally applicable—scattering
1 11
Sine)| = =eoc| B> = =—|Ey?
(Sl = geuel Eof* = 5— ||
d dP dQ 2 Sra T Era ?
dr _{APd) P (S B lBul’ )
A2 [ (Sine) | | (Sine) | | Einc|

Radiation—specific cases

Nonrelativistic particle (Larmor formula)

jeyt—=r/c+ (F-ro)/c)=j(r,t —r/c)=qVv(t—r/c) d(r—ro(t—r/c)) (20.111)
a=qga(t—r/c) = qaw

Epoq = %r x [Fxa(t—r/c) (20.113)

ar Ho 2 2 . 2
@ . 0 (20.114
00~ (amye | [l S0 (20114)
po 2 4 2 L2 q2 ‘aret’2
p="20 22, 2= < 20.115
dc 30 2l Areg 3 3 ( )

20



Electric dipole radiation p=[d* p(x)r
o = Pr (20.151)

-
Broq = —i—i% (20.152)

Ho f(f : I.jret) - ﬁret (20 153)

Era = -
1 Y r
dpP Ho a2
ol (dnye [T X Pres|”  (20.154)
Mo 2 ..
P = 4_7;)05 |Brec|”  (20.155)
Magnetic dipole radiation m=1[d%"r x j(r)
1
o = T X B (20.172)
c
Ho T x I.flret
E.ga=—"—"""—" (20174
T dre ( )
By = 0 T et) s 17

4re T

dpP Ho AL e
o ()2 £ X fye]®  (20.179)

2
P=-"0 2 m P (20.180)

Scattering—specific cases

Thomson scattering

(EM plane wave incident on a free electron —e; long-wavelength approximation)

. 2E
j(r,t) = €20 exp [i (ko - rg — wt)] 6(r(t)—ro(t)) & (21.10), computed via eqn. of motion

p(t) = R for ro~0 (21.13)
do 210 o A 12 2 ©oA2 ¢?
d—Q:’l”€|k><e()| =T, (1—|keo| ) for TGZW (2111)
8
o= %rz for linearly polarized or unpolarized (21.18)
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Rayleigh scattering

(EM plane wave incident on a small object; p and m must be calculated; ky = w/c)

do ki Qyﬁx +kx (kxcp)* (21.20)
_— = m C .
d§2 dreqEoc p

d Ko\ kO -
If p = acgEodo and m = 0, = = (0—0‘) (1—|k-&*) = ( 0 ) lkxp|* (21.21)

dQ 47 47T€0E0
j = —wp for a small dipole at the origin
Born approximation Xe < 1

(EM plane wave—weak dielectric response)

._oP
1=

do (k2N - )
—_ — (20 k x &
ds2 (47r) [le < &

~ —iwegX [8oEoe’™ 0T D]  (21.46)

/d3T/ Xe—iqr’

2
for q=k—-k, (21.47)

22



Mathematics

Trigonometry

T —iT
e

— €

. el.’l} + e—l.’l?
ST = —————; COST = —m——
21

2

1+cot’z =csc’x
SiH(Z‘ﬂ:g) =+ cosz; cos(xj:g) = Fsinz

sin? & + cos® & = 1; 1 + tan® z = sec? x;

sin(x + m) = —sinz; cos(x +m) = —cosx
sin(a £+ b) = sinacosb £ cosasinb
cos(a £ b) = cosacosb F sinasinb

t + tan b
tan(a £ b) ana = an

~ 1Ftanatanb

1

cosacosb = B [cos(a — b) + cos(a + b)]
1

sinasinb = 5 [cos(a — b) — cos(a + b)]

1
sinacosb = 3 [sin(a + b) + sin(a — b)]
sin(2z) = 2sinx cos
cos(2z) = cos’z — sin’x = 2cos’xr — 1 =1 — 2sin’x

2t
tan(2x) = anr

1 —tan’z
11— 2 1 2
sin x = —C;S( x); cos’x = Tt ooster) C;S( z)
(sinz)" = cosx; (cosz) = —sinz; (tanz) = sec? x
(cscx) = — cscx cot x; (secz)’ = secx tan; (cotx) = —csc?x

(In(sec x + tanz)) = secx; <1I1 <tan g))’ =

= (—In(cscz + cotz)) = cscx

(arcsin(%))l = \/ﬁ; (arctan(%))l - _°

2+ a2
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Thrigonometry

et —e* et +e " ef—e ™ e

sinhr = ——; coshr = ——; tanhx = =
2 2 7 et et e2 4]
cosh?z — sinh?*z = 1; sech? z = 1 — tanh® z; csch? 2 = coth®z — 1

sinh(a £ b) = sinh a cosh b + cosh a sinh b

cosh(a + b) = cosh a cosh b £ sinh asinh b

tanh a £ tanh b
1+ tanhatanhb

sinh(2z) = 2sinh x cosh x

tanh(a £b) =

cosh(2z) = sinh?® z + cosh® x = 2sinh®z + 1 = 2cosh®z — 1

2tanh
tanh(2z) = a—nﬁ
1+ tanh® 2
h(2z) — 1 h(2 1
sinh?y = S0 T 2 (22) ; cosh?z = 2= T2 (22) +
2 2
arcsinh(z) = In (x + Va2 + 1); arccosh(z) = In (a; + Va2 — 1)
(sinhz)" = cosh z; (coshz)" = sinh z; (tanhz) = sech® z

. T\\’ 1 . T\\' c
<arcs1nh <E>> = \/x2:—|—02’ (arctanh <E>> =5

Calculus
/ Z dy e~ HhT 7;_2 P/ (4a)
J(2) \/%/ dk f(k)e™; f(k) = \/LQ_W/: dz f(x)e ™ /_Z dz | f(x))* = /_de|f(k)]2
O = o) = % / Z dk H0; §(aw) = % 5(g(x)) = Z —5|(; e ‘)”R
g(x:)=0
- 2250
2 = _1 7 = —4nd(r — ')
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Unit vectors and vector algebra
S=%Xcosp+¥siny

P =—Xsinp+ycosp

~

Scosp — @sinp

¥ =8sinp + ¢ cosp

T = Xsinfcos + ysinfsin p + Zcos b
é:icochosgo—i—jfcosHsinap—isinﬁ

P =—Xsinp+ycosp

% = Fsinfcosg + 0 cosdcos o — Psing
§ = Psinfsing + 0 cosfsin ¢ + @ cos

Z=r1cosf —0sinb

€ijk€itm = 0j00km — 0jmOke
(axb)-(cxd)=(a-c)(b-d)—(a-d)(b-c)
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VECTOR DERIVATIVES
Cartesian. dl=dxX+dyy+dz%, dr=dxdydz

+

Gradient : Vi = —%+—9+—1

Divergence : Vv = MM + n@ﬂ + m|m
ov, duvy\ . dvy  0vz\ dvy  dux ) .,
Q N : < = = |.< - = _— -
uri XV Am% mmvx.TAmN m.«V%...Amx 3y /
o ) A A
Laplacian : Vi = e + 7 + P

Spherical. dl=drf+rdff +rsin0de@; dr=r’sin®drdddg

ar . 1ot , 1 0t 4
Gradient : Vi = —t4+-—0+———¢
or r a0 rsin@ d¢

Di Covey = 220 D ingug ¢ —— 2
ergence s VoV = g T Cine e U Y T Line a¢
Curl Vxv L [2 Ginoug — 2214
urt . X = —A{S1 v, —_
rsind | 36 T 99
1T 1 9, @ vm+H mA v v, 3
- | ——— - —(@v | —(@v)~ —
+x sinf d¢ ?C.s rlars a6
19 ot 1 9 ot 1 3%
La, ] : <N = —— 22 _ ng— -
placian " T R A\ w\v+1m5% 26 Ama %V+Lm5~m e
Cylindrical. dl=ds$+sd¢@+dzz;, dr =sdsdpdz
or, 10t .~ 0,
Gradient : vVt = %ml*lM&ele'NN
Di V.v _mﬁ v+_mcs+m$
ergence . . = ——(sv -+ —
rergenc s as Sts s 0¢ 9z
10v vy | . dus; dv; s 1] 0 v
Curl : \Y = |-=2_--2 — = ) -
“ v _Hu ¢ mmu_m+_ﬁmu as $+m muacev a¢p

o ) 19 [ ot 1 3% 3%
Laplacian : V%t = —— aﬂ +a|NwWQN+wINN

A

4

VECTOR IDENTITIES

Triple Products
H A BxC)=B-(CxA)=C-(AxB)
2) AxBxC=BA-C)-CA-B)
Product Rules

V{fe) =1 (Vg) +8(V )

)
Q)
&)
()
N

®

Second Derivatives

&)

(10) Vx(Vf) =0

an

V- (fA=f(V-A+A- (V)
V- AxB)=B-(VxA)—A-(VxB)

VX (fA)=f(VxA) —Ax(VS)

VX (VxA)=V(V-A) - V2A

VA -B)=AXx (VxB)+Bx(VxA) +(A-V)B+(B-V)A

<xwawvHa.<v>.lﬁ>.de+>ﬁ<.5|wﬁ<.>v

FUNDAMENTAL THEOREMS

Gradient Theorem :
Divergence Theorem : [(V-A)dr = fA-da

Curl Theorem :

J(VxA) -da=¢fA dl

[PV -dl= fib) - faa)




