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Quantum Mechanics

Basic formalism

Canonical relations: p =
~
i

d

dx
; [x, p] = i~

Schrödinger equation: i~
d |ψS〉
dt

= H |ψS(t)〉 ; U(t) = e−iHt/~ for time-indep H

Heisenberg picture: OH(t) = U †(t)OS U(t);
dOH
dt

=
1

i~
[OH(t), HH(t)]+

∂O
∂t

∣∣∣
H

Plane-wave normalization: 〈x|p〉 =
eipx/~√

2π~

Commutators: [x,G(p)] = i~
∂G

∂p
; [p, F (x)] = −i~∂F

∂x

BCH lemma: eiXY e−iX = Y + i[X, Y ]− 1

2!
[X, [X, Y ]]− i

3!
[X, [X, [X, Y ]]] + . . .

BCH formula: eXeY = eX+Y+ 1
2
[X,Y ]+...

Quantum harmonic oscillator

Hamiltonian: H =
p2

2m
+

1

2
mω2 =

1

2
~ω(P 2 +X2) = ~ω

(
a† a+

1

2

)

Unitless coordinates: X = x
(mω

~

)1/2
=

1√
2

(a+ a†)

P =
p

(mω~)1/2
= − i√

2
(a− a†)

Raising/lowering operators: a =
X + iP√

2
; a† =

X − iP√
2

; [a, a†] = 1

Eigenstates: H |n〉 = ~ω
(
n+

1

2

)
; a |n〉 =

√
n |n− 1〉 ; a† |n〉 =

√
n+ 1 |n+ 1〉

Ground state wave function: ψ0(X) =
(mω
π~

)1/4
e−X

2/2



Time-independent nondegenerate perturbation theory

First-order energy correction: E(1)
n =

〈
n(0)
∣∣V ∣∣n(0)

〉
Second-order energy correction: E(2)

n =
∑
k 6=n

∣∣ 〈k(0)∣∣V ∣∣n(0)
〉∣∣2

E
(0)
n − E(0)

k

First-order ket correction:
∣∣n(1)

〉
=
∑
k 6=n

∣∣k(0)〉 〈k(0)∣∣V ∣∣n(0)
〉

E
(0)
n − E(0)

k

General ket:
(
H0 − E(0)

n

) ∣∣n(j)
〉

=
(
E(1)
n − V

) ∣∣n(j−1)〉+E(2)
n

∣∣n(j−2)〉+ . . .+E(j)
n

∣∣n(0)
〉

General energy: E(j)
n =

〈
n(0)
∣∣V ∣∣n(j−1)〉

Time-dependent perturbation theory

Interaction picture: |ψI(t)〉 = U †0(t) |ψS(t)〉 ; OI(t) = U †0(t)OS(t)U0(t)

Time evolution: i~
d |ψI〉
dt

= VI(t) |ψI(t)〉 ;
dOH
dt

=
1

i~
[OI(t), H0(t)] +

∂O
∂t

∣∣∣
I

First-order transition amplitude: 〈m|U(t)|n〉 = δmn−
i

~

∫ t

t0

dt′ ei(Em−En)t′/~ 〈m|VS(t′)|n〉

Fermi’s golden rule (steplike):
dPm
dt

=
2π

~
|Vmn|2 δ(Em − En) ≈ 2π

~2
ρ(En)

〈
|Vmn|2

〉
Fermi’s golden rule (harmonic):

dP±m
dt

=
2π

~
|Vmn|2 δ(Em−(En±~ω)) ≈ 2π

~2
ρ(En±~ω)

〈
|Vmn|2

〉
WKB approximation

Quantization (free on both sides):

∫ xR

xL

dx
√

2m(E − V (x)) = π~
(
n+

1

2

)
, n ≥ 0

Quantization (hard wall):

∫ xR

0

dx
√

2m(E − V (x)) = π~
(
n+

3

4

)
, n ≥ 0

Classically allowed region: ψ(x) ∝ 1√
k(x)

exp

(
±i
∫ x

dx′ k(x′)

)
, E =

~2k2

2m
+V (x)

Classically forbidden region: ψ(x) ∝ 1√
κ(x)

exp

(
±i
∫ x

dx′ κ(x′)

)
, E =

~2κ2

2m
−V (x)
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Scattering

General formalism

T -matrix: T =
V

1− (E −H0 + iη)−1V
= V + V (E −H0 + iη)−1T

Lippmann-Schwinger: |f〉 = |i〉+(E−H0+iη)−1T |i〉 = |i〉+(E−H0+iη)−1V |f〉

Green’s function:
~2

2m
〈r|(E −H0 + iη)−1|r′〉 = − 1

4π

eik|r−r
′|

|r− r′|

Scattering state (far-field approximation): f(r) =
1

L3/2

(
eik·r + f(k′,k)

eikr

r

)
Scattering amplitude: f(k′,k) = −mL

3

2π~2
〈k′|V |f〉

Differential cross-section:
dσ

dΩ
= |f(k′,k)|2

Total cross-section: σ =

∫
dΩ

dσ

dΩ

Optical theorem: σ =
4π

k
Im f(k,k)

Born approximation

Momentum transfer: q = k′ − k; |q| = 2k sin
θ

2

First Born approximation: f(k′,k) ≈ − m

2π~2

∫
d3r′ V (r′)e−iq·r

′

First Born approximation (isotropic V ): f(k′,k) = −2m

q~2

∫ ∞
0

dr r sin(qr)V (r)

Partial waves for isotropic potentials

Radial Schrödinger equation: − ~2

2m

d2u`
dr2

+
~2`(`+ 1)

2mr2
u`(r) + V (r)u`(r) = Eu`(r)

Boundary conditions: u`(r) = rR`(r) and u` → 0 as r → 0

Wave functions in free-particle zone: R`(r) ∝ cos δ` j`(kr)− sin δ` n`(kr)

R`(r) ∝ e2iδ`h
(1)
` (kr) + h

(2)
` (kr)

u0(r) ∝ cos δ0 sin kr + sin δ0 cos kr = sin(kr + δ0)

Spherical Bessel functions: j`(kr) ∼
sin(kr − `π/2)

kr
; n`(kr) ∼ −

cos(kr − `π/2)

kr
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Spherical Hankel functions: h
(1)
` (kr) = j`(kr)+in`(kr); h

(2)
` (kr) = j`(kr)−in`(kr)

Scattering amplitude: f(θ) =
∞∑
`=0

(2`+1)f`P`(cos θ) for f` =
e2iδ` − 1

2ik
=
eiδ` sin δ`

k

Cross-section: σ =
4π

k2

∞∑
`=0

(2`+ 1) sin2 δ`

Angular momentum

Commutation relations: [Ji, Jj] = i~εijkJk; J± = Jx±iJy; [J+, J−] = 2~Jz
Eigenvalues: J2 |j,m〉 = ~2 j(j + 1) |j,m〉 ; Jz |j,m〉 = ~m |j,m〉

Raising and lowering operators: J± |j,m〉 = ~
√

(j ∓m)(j ±m+ 1) |j,m± 1〉

Wigner-Eckart theorem: 〈α′; j′, m′|T (k)
q |α; j, m〉 = 〈j, k;m, q|j, k; j′, m′〉· C√

2j + 1

Orbital angular momentum

Definition: L = r× p

Spherical harmonics: Y 0
0 =

√
1

4π

Y 0
1 =

√
3

4π
cos θ =

√
3

4π

z

r
; Y ±11 = ∓

√
3

8π
e±iϕ sin θ = ∓

√
3

8π

x± iy
r

Y 0
` =

√
2`+ 1

4π
P`(cos θ); Y m

` (−r) = (−1)`Y m
` (r); Y m

`
∗ = (−1)mY −m`

Hydrogen atom eigenstates: En = − m|e|4

2(4πε0)2~2
1

n2
≈ −13.6 eV

n2
for m =

memp

me +mp

≈ me

Bohr radius and fine structure constant: a0 =
4πε0~2

m|e|2
; α =

|e|2

4πε0~c
≈ 1

137

Hydrogen atom radial wavefunctions: R10(r) =
2

a
3/2
0

e−r/a0

R20(r) = 2

(
1

2a0

)3/2(
1− r

2a0

)
e−r/(2a0); R21(r) =

1√
3

(
1

2a0

)3/2
r

a0
e−r/(2a0)

If nuclear charge is equal to Z|e|, replace a0 by a0/Z
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Spin angular momentum

Pauli matrices: σx =

(
0 1
1 0

)
; σy =

(
0 −i
i 0

)
; σz =

(
1 0
0 −1

)
Bloch sphere: |θ, ϕ〉 = cos

θ

2
|↑〉+ eiϕ sin

θ

2
|↓〉

Spin 1/2 in a magnetic field (SI): H = −µ ·B = −γ~
2
σ ·B = −g

2
µBσ ·B

Gyromagnetic ratio; Bohr magneton (SI): γ = −g|e|
2m

; µB =
|e|~
2m

; gelectron ≈ 2
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Classical Mechanics

Newtonian mechanics

Nonrelativistic Doppler effect: fr =
c± vr
c± vs

fs

+vr if receiver moves toward source; +vs if source moves away from receiver

Centrifugal; Coriolis; Euler forces: −mω × (ω × r); −2mω × ṙ; −mdω

dt
× r

Formation rules

Lagrangian Hamiltonian

Nonrelativistic Newtonian mass: +1
2
m|ṙ|2 + |p|

2

2m

Scalar potential: −V (r, t) + V (r, t)
Vector potential: +qṙ ·A replace p by p− qA

Holonomic constraint: +λ (constraint) −λ(constraint)

Special relativistic mass: −mc2
√

1− |ṙ|2
c2

+
√

(mc2)2 + (|p|c)2

Lagrangian mechanics

Lagrangians

Stationary action principle: δ

(∫
dt L(q, q̇, t)

)
= 0

Euler-Lagrange equation:
d

dt

(
∂L

∂q̇

)
− ∂L

∂q
= 0

Canonical momenta: p =
∂L

∂q̇

Energy: E =
∂L

∂q̇
q̇ − L

Lagrangian densities

Stationary action principle: δ

(∫
dt d3xL(φ, φ̇,∇φ, t)

)
= 0

Euler-Lagrange equation:
∂

∂t

(
∂L

∂(∂tφ)

)
+∇ ·

(
∂L

∂(∇φ)

)
− ∂L
∂φ

= 0

Energy continuity equation:
∂

∂t

[
∂L

∂(∂tφ)

∂φ

∂t
− L

]
+∇·

[
∂L

∂(∇φ)

∂φ

∂t

]
= 0 if

∂L
∂t

= 0

Energy-momentum tensor: ∂µT
µ
ν = 0 for T µν =

∂L
∂(∂µφ)

∂νφ− δµνL
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Hamiltonian mechanics

Hamiltonian: H(p, q, t) = pq̇ − L =
∂L

∂q̇
q̇ − L

Hamilton’s equations of motion: ṗ = −∂H
∂q

; q̇ =
∂H

∂p

Hamilton-Jacobi equation: H

(
q,
∂W (q, P )

∂q

)
= E

Poisson bracket: {f, g} =
∑
i

(
∂f

∂qi

∂g

∂pi
− ∂f

∂pi

∂g

∂qi

)
Adiabatic invariant: J ∝

∮
p dq

Canonical transformations

F1(q,Q, t) pi =
∂F1

∂qi
; Pi = −∂F1

∂Qi

; H ′ = H +
∂F1

∂t

F2(q, P, t) pi =
∂F2

∂qi
; Qi =

∂F2

∂Pi
; H ′ = H +

∂F2

∂t

F3(p,Q, t) qi = −∂F3

∂pi
; Pi = −∂F3

∂Qi

; H ′ = H +
∂F3

∂t

F4(p, P, t) qi = −∂F4

∂pi
; Qi =

∂F4

∂Pi
; H ′ = H +

∂F4

∂t

Fluids

Euler hydrodynamics:
∂ρ

∂t
+∇ · (ρv) = 0

∂S

∂t
+ (v · ∇)S = 0; ρ

[
∂v

∂t
+ (v · ∇)v

]
= −∇P (ρ, s)

Speed of sound: c =

√
∂P

∂ρ

Bernoulli’s law:
v2

2
+ gz +

P

ρ
= constant

Kelvin circulation theorem:
D

Dt

∮
v · d` = 0 for

D

Dt
=

∂

∂t
= v · ∇

Vortex: v =
κ

r
θ̂
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Special relativity

Sign convention: (−1,+1,+1,+1)

Relativistic factors: β =
v

c
; γ =

1√
1− β2

Lorentz boost: Λ =

(
γ −βγ
−βγ γ

)
Metric invariance: Λ ηΛT = η

Time dilation; Lorentz contraction: ∆t = γ∆τrest; ` =
`rest
γ

Classical mechanics

Four-vectors: xµ = (ct,x); pµ = (E, cp); F µ =

(
dE

dτ
, c
dp

dτ

)
; ∂µ =

(
−1

c

∂

∂t
,∇
)

Velocity transformation: u′ =
u− v

1− uv/c2

Energy and momentum: E = γmc2; p = γmv; v = c2
p

E

Energy-momentum relationship: E =
√

(mc2)2 + (|p|c)2

Relativistic Doppler effect:
λr
λs

=
fs
fr

=

√
1 + β

1− β
(β > 0 if source and receiver move apart)

Electromagnetism

Four-vectors: Jµ = (cρ,J); Aµ = (φ/c,A)

Field transformations: E′‖ = E‖; B′‖ = B‖

E′⊥ = γ (E⊥ + v ×B) ; B′⊥ = γ

(
B⊥ −

1

c2
v × E

)

Electromagnetic tensor: F µν = ∂µAν−∂νAµ =


0 −Ex/c −Ey/c −Ez/c

Ex/c 0 −Bz By

Ey/c Bz 0 −Bx

Ez/c −By Bx 0


Four-vector Maxwell’s equations: (∂µ∂

µ)Aν = ∂µF
µν = µ0J

ν
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Statistical Mechanics

Elementary thermodynamics

Euler relation: E = TS − PV + µN

Energy: dE = δQ− δW = TdS − PdV + µdN

Helmholtz free energy: F = E − TS; dF = −SdT − PdV + µdN

Gibbs free energy: G = E − TS + PV ; dG = −SdT + V dP + µdN

Enthalpy: H = E + PV ; dH = TdS + V dP + µdN

Grand potential: Φ = −PV = E − TS − µN

Maxwell:
∂T

∂V

∣∣∣∣∣
S

= −∂P
∂S

∣∣∣∣∣
V

;
∂T

∂P

∣∣∣∣∣
S

=
∂V

∂S

∣∣∣∣∣
P

;
∂S

∂V

∣∣∣∣∣
T

=
∂P

∂T

∣∣∣∣∣
V

;
∂S

∂P

∣∣∣∣∣
T

= −∂V
∂T

∣∣∣∣∣
P

Stat mech definitions

Entropy and temperature: S = k ln Ω;
1

T
=
∂S

∂E
; β = (kT )−1

Stirling’s formula: N ! ≈ NNe−N
√

2πN ; ln(N !) ≈ N lnN −N

Heat capacity: CX = T
∂S

∂T

∣∣∣∣∣
X

Poisson distribution: P (N) =
e−λλN

N !

Ensembles

Partition function: Z =
∑
r

e−βEr ; E = −∂ lnZ

∂β
= kT 2∂ lnZ

∂T
; F = −kT lnZ

Grand partition function: Q =
∑
r

e−β(Er−µNr); N = kT
∂ lnQ

∂µ

Monatomic ideal gas

Partition function: Z =
V N

N !λ3N
for λ =

(
h2

2πmkT

)1/2

Equation of state: PV = NkT = nRT

Energy: E =
3

2
NkT
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Free energy: F = −NkT
(

ln

[
V

N

1

λ3

]
+ 1

)
Chemical potential: µ = −kT ln

[
V

N

1

λ3

]
< 0

Adiabatic expansion: PV γ = constant for γ =
CP
CV

=
Nk

CV
+ 1

Maxwell velocity distribution: P (vx, vy, vz) =
( m

2πkT

)3/2
exp

(
−
m(v2x + v2y + v2z)

2kT

)
Heat engines

Conservation of energy: QH −W = QC

Efficiency of a heat engine: η =
W

QH

= 1−QC

QH

< 1; η = 1−TC
TH

for a Carnot cycle

Quantum gases

Occupation numbers

Fermi-Dirac distribution: nFDk (ε) =
1

eβ(εk−µ) + 1

Bose-Einstein distribution: nBEk (ε) =
1

eβ(εk−µ) − 1

Maxwell-Boltzmann distribution: nMB
k (ε) = e−β(εk−µ)

Fermi gases

Equation of state: P =
2

3

E

V

Fermi energy (nonrelativistic 3-D electron gas): EF =
~2

2m

(
3π2N

V

)2/3

Energy at T = 0 (nonrelativistic 3-D electron gas): E =
3

5
NEF

Bose gases

Equation of state: P =
2

3

E

V

Critical temperature: N = gV

∫
d3p

h3
1

ep2/(2mkTc) − 1

Number of particles in ground state:
N(ε = 0)

N
= 1−

(
T

Tc

)3/2
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Photon gases and blackbody radiation

E =
4

c
σV T 4; P =

1

3

E

V
;

Power radiated

Area
= σT 4 for σ =

π2k4

60~3c2

Debye model

ωD = cs

(
6π2N

V

)1/3

Other examples

Joule-Thomson process (throttling)

∆H = 0; µ =
∂T

∂P

∣∣∣∣∣
H

= − 1

CP

(
T
∂S

∂P

∣∣∣∣∣
T

+ V

)
= − 1

CP
V (1−αT ) for α =

1

V

∂V

∂T

∣∣∣∣∣
P

Clausius-Claperyon equation

dP

dT
=

L

T∆v
L latent heat of vaporization per particle, v volume per particle

Magnetization

M = kT
∂ lnZ

∂B
= −∂F

∂B

∣∣∣∣∣
T,V,N

Van der Waals gas (
P +

an2

V 2

)
(V − nb) = nRT
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Electromagnetism

Maxwell’s equations: ∇ · E =
ρ

ε0
∇ ·B = 0

∇× E = −∂B

∂t
∇×B = µ0J +

1

c2
∂E

∂t

Maxwell’s equations in matter: ∇ ·D = ρf ∇ ·B = 0

∇× E = −∂B

∂t
∇×H = Jf +

∂D

∂t

Lorentz force law: F = qE + qv ×B; dF = ρE + J×B

Continuity equation:
∂ρ

∂t
+∇ · J = 0

Potentials: E = −∂A

∂t
−∇φ; B =∇×A

Speed of light: µ0ε0 =
1

c2

Statics

Electrostatics

Integral formulas: E =
1

4πε0

∫
d3r′

ρ(r′)

r2 r̂; V =
1

4πε0

∫
d3r′

ρ(r′)

r ; r = r− r′

Electric potential: ∆V = −
∫

E · d`; E = −∇V

Work required to assemble a charge collection: W =
1

2

∑
qiVi =

1

2

∫
d3r′ ρV

Magnetostatics

Vector potential (Coulomb gauge): ∇·A = 0; ∇2A = −µ0J; A =
µ0

4π

∫
d3r′

J

r

Biot-Savart: B =
µ0

4π

∫
d3r′

J× r̂
r2 =

µ0

4π

∫
I d`′ × r̂

r2
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Multipole expansion

Electric multipole expansion: V (r) =
1

4πε0

[
Q

r
+

p · r
r3

+Qij
3rirj − r2δij

r5
+ . . .

]
Q =

∫
d3r ρ(r); p =

∫
d3r ρ(r) r; Qij =

1

2

∫
d3r ρ(r) rirj

Legendre polynomial expansions: Vout =
1

4πε0

∞∑
`=0

1

r`+1
P`(cos θ)

[∫
d3r′ ρ(r′)(r′)`P`(cos θ′)

]

Vin =
1

4πε0

∞∑
`=0

r`P`(cos θ)

[∫
d3r′

1

(r′)`+1
ρ(r′)P`(cos θ′)

]

Electric dipoles

Electric dipole moment; potential p =

∫
d3r′ ρ(r′)r′; V =

1

4πε0

p · r̂
r2

Electric field, dipole at the origin: E =
p

4πε0r3
(2 cos θ r̂+sin θ θ̂) =

1

4πε0

3(p · r̂)r̂− p

r3
(r 6= 0)

Ideal electric dipoles: p = qd; τ = p× E; F = (p · ∇)E; U = −p · E

Magnetic dipoles

Magnetic dipole moment; potential: m =
1

2

∫
d3r′ r′ × J(r′); A =

µ0

4π

m× r̂

r2

Magnetic field, dipole at the origin: B =
µ0m

4πr3
(2 cos θ r̂+sin θ θ̂) =

µ0

4π

3(m · r̂)r̂−m

r3
(r 6= 0)

Ideal magnetic dipoles: m = Ian̂; τ = m×B; F = (m · ∇)B; U = −m ·B

Magnetic dipole moment from angular momentum: m =
Q

2M
L

Matter

Bound charges: ρb = −∇ ·P; σb = P · n̂
Electric displacement: D = ε0E + P

Linear isotropic homogeneous dielectrics: P = ε0χeE; D = ε0(1 + χe)E = εE

Bound currents: Jb =∇×M; Kb = M× n̂

Fictitious magnetic charges: ρm = −∇ ·M; σm = M · n̂

H field: H =
B

µ0

−M

Linear isotropic homogeneous magnetic materials: M = χmH; B = µ0(1+χm)H = µH
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Potential theory

Solutions to Laplace’s equation

Spherical—azimuthal symmetry: V =
∞∑
`=0

(
A`r

` +
B`

r`+1

)
P`(cos θ)

Cylindrical—azimuthal symmetry (D0 = 0 in a simply connected region):

V = (A0 +B0 ln s)(C0 +D0ϕ) +
∞∑
k=1

(
Aks

k +
Bk

sk

)
(Ck sin(kϕ) +Dk cos(kϕ))

Cylindrical—Bessel functions:

s
∂

∂s

(
s
∂R

∂s

)
+
(
s2κ2 − α2

)
R = 0;

∂2Φ

∂ϕ2
= −α2Φ;

∂2Z

∂z2
= κ2Z

Rκ
α =


A0 +B0 ln s for κ = 0 and α = 0

Aαs
α +Bαs

−α for κ = 0 and α 6= 0

AκαJα(κs) +Bκ
αYα(κs) for κ2 > 0 (exponential in z, oscillatory in s)

AκαIα(κs) +Bκ
αKα(κs) for κ2 < 0 (oscillatory in z, exponential in s)

Yα, Kα →∞ as s→ 0

Mathematical relationships

Sines and cosines:

∫ a

0

dx sin
(nπx

a

)
sin
(mπx

a

)
=
a

2
δnm∫ 2π

0

dϕ eimϕe−inϕ = 2πδmn

Legendre polynomials:

∫ 1

−1
dx P`(x)Pm(x) =

2

2`+ 1
δ`m

P0(x) = 1; P1(x) = x; P2(x) =
3x2 − 1

2
; P3(x) =

5x3 − 3x

2
; P`(1) = 1

Boundary conditions

n̂ · (E2 − E1) =
σ

ε0
; n̂ · (D2 −D1) = σf ; n̂× (E2 − E1) = 0

n̂ · (B2 −B1) = 0; n̂× (B2 −B1) = µ0K; n̂× (H2 −H1) = Kf

n̂ points from medium 1 to medium 2
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Green’s functions

Definition: ∇2G(r, r′) = − 1

ε0
δ(r− r′)

Dirichlet Green’s fn.: φ(r) =

∫
d3r′ ρ(r′)GD(r, r′)−ε0

∫
S

dS ′ φS(r′)
∂GD

∂n′
; GD(rS, r

′) = 0

Delta functions: δ(z − z′) =
1

2π

∫ ∞
−∞

dk eik(z−z
′) =

1

π

∫ ∞
0

dk cos(k(z − z′))

δ(ϕ− ϕ′) =
1

2π

∞∑
m=−∞

eim(ϕ−ϕ′)

Energy and momentum

Energy

Mechanical power:
∂umech
∂t

= J · E

Electromagnetic energy density: uEM =
1

2
(E ·D + B ·H) =

ε0
2
E2+

1

2µ0

B2 in a vacuum

Electromagnetic energy density (time-harmonic field): 〈uEM〉 =
1

2

∂

∂ω
(εω)E2

Poynting vector: S = E×H =
1

µ0

E×B in a vaccum

Poynting’s theorem:
∂umech
∂t

+
∂uEM
∂t

+∇ · S = 0

Momentum

Mechanical force density: f = ρE + J×B

Electromagnetic momentum density: g =
S

c2
= ε0E×B in a vacuum

Stress-energy tensor (vaccum): Tij = ε0

(
EiEj −

1

2
δijE

2

)
+

1

µ0

(
BiBj −

1

2
δijB

2

)
Momentum conservation: f +

∂g

∂t
−∇ ·T = 0

Circuits

Capacitors: C =
Q

V
; E =

1

2
CV 2 =

1

2

Q2

C
; Z =

1

iωC

Inductors: ε = −
∫

E · d` = −LdI
dt

; W =
1

2
LI2; Z = iωL

Resistors: V = IR; P = I2R = IV ; Z = R
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Waves

Wave equation (vacuum): ∇2E− 1

c2
∂2E

∂t2
= 0

Plane waves: ω =
c

n
k; n =

√
µε

µ0ε0
; 〈S〉 =

1

2
ε0cE

2; B =
k× E

ω

Phase velocity; group velocity: vp =
ω

k
k̂; vg =

dω

dk

Impedance: Z =
E

H
=

√
µ

ε

Conductors: ε̃ = ε+ i
σ

ω
; k2 = ε̃µω2

Plasma frequency: ωp =

√
q2n

mε0
; ε = ε0

(
1−

ω2
p

ω2

)
Time-averaging theorem: 〈Re(A) Re(B)〉 =

1

2
Re(AB∗) =

1

2
Re(A∗B)

Waveguides

Transverse Electric (TE) Transverse Magnetic (TM)
Ez = 0 Hz = 0

(∇2
⊥ + γ2)Hz = 0 (∇2

⊥ + γ2)Ez = 0

H⊥ =
ih

γ2
∇⊥Hz E⊥ =

ih

γ2
∇⊥Ez

E⊥ = −ωµ
h

ẑ×H⊥ H⊥ =
ωε

h
ẑ× E⊥

Structural dispersion: γ2 = µεω2 − h2; γ2 > 0

16



Method of images

Conducting plane

q′ = −q

Dielectric plane

q′ =
εL − εR
εL + εR

q; q′′ =
2εR

εL + εR
q

Conducting sphere Conducting cylinder

q′ = −R
d
q; a =

R2

d
λ′ = −λ; a =

R2

d

17



Fresnel relations

Snell’s law: n1 sin θ1 = n2 sin θ2

rp =
Z1 cos θ1 − Z2 cos θ2
Z1 cos θ1 + Z2 cos θ2

rs =
Z2 cos θ1 − Z1 cos θ2
Z2 cos θ1 + Z1 cos θ2

rp =
n2 cos θ1 − n1 cos θ2
n2 cos θ1 + n1 cos θ2

rs =
n1 cos θ1 − n2 cos θ2
n1 cos θ1 + n2 cos θ2

tp =
2Z2 cos θ1

Z1 cos θ1 + Z2 cos θ2
ts =

2Z2 cos θ1
Z2 cos θ1 + Z1 cos θ2

tp =
2n1 cos θ1

n2 cos θ1 + n1 cos θ2
ts =

2n1 cos θ1
n1 cos θ1 + n2 cos θ2

r =
Z2 − Z1

Z1 + Z2

=
n1 − n2

n1 + n2

; t =
2Z2

Z1 + Z2

=
2n1

n1 + n2

Power reflection coefficients: R = |r|2; T =

∣∣∣∣〈ST 〉 · n̂〈SI〉 · n̂

∣∣∣∣ =
Z1 cos θ2
Z2 cos θ1

|t|2

18



Electrodynamics

Lorenz gauge condition: ∇ ·AL +
1

c2
∂φL
∂t

= 0

Inhomogenous wave equations: ∇2φL−
1

c2
∂2φL
∂t2

= − ρ
ε0

; ∇2AL−
1

c2
∂2AL

∂t2
= −µ0J

Retarded potentials: φ(r, t) =
1

4πε0

∫
d3r′

ρ(r′, t− r/c)
r ; A(r, t) =

µ0

4π

∫
d3r′

J(r′, t− r/c)
r
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Radiation and scattering

Generally applicable—radiation

Radiation vector: α(r, t) =
∂

∂t

∫
d3r′ j

(
r′, t− r

c
+

r̂ · r′

c

)
(20.143)

Fields: cBrad = −r̂× ∂Arad

∂t
= − µ0

4πr
r̂×α (20.107)

Erad = −r̂× cBrad = r̂×
(

r̂× ∂Arad

∂t

)
(20.108)

r̂× Erad = cBrad; Erad × cBrad = r̂ |Erad|2 ; |Erad| = c |Brad| (20.109)

Power radiated:
dP

dΩ
= r2r̂·Srad =

r2

cµ0

|Erad|2 =
r2c

µ0

|Brad|2 =
µ0

(4π)2c
|̂r×α|2 (20.81) (20.110)

Srad =
1

µ0c
(Erad × cBrad) =

|Erad|2

µ0c
=

c

µ0

|Brad|2

For ĵ(k, ω) =

∫
d3r′ j(r′, ω)e−ik·r

′
,

〈
dP

dΩ

〉
=

µ0ω
2

2(4π)2c

∣∣∣̂r× ĵ(k, ω)
∣∣∣2 (20.120)

Generally applicable—scattering

|〈Sinc〉| =
1

2
ε0c|E0|2 =

1

2

1

µ0c
|E0|2

dσ

dΩ
=
〈dP/dΩ〉
| 〈Sinc〉 |

=
r2 〈Srad · r̂〉
| 〈Sinc〉 |

= r2
|Erad|2

|Einc|2
(21.4)

Radiation—specific cases

Nonrelativistic particle (Larmor formula)

j (r, t− r/c+ (r̂ · r0)/c) ≈ j (r, t− r/c) = q v (t− r/c) δ (r− r0 (t− r/c)) (20.111)

α = q a(t− r/c) = q aret

Erad =
µ0q

4πr
r̂× [̂r× a(t− r/c)] (20.113)

dP

dΩ
=

µ0

(4π)2c
q2|aret|2 sin2 θ (20.114)

P =
µ0

4πc

2

3
q2|aret|2 =

1

4πε0

2

3

q2 |aret|2

c3
(20.115)
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Electric dipole radiation p =
∫
d3r′ ρ(r′)r′

α = p̈ret (20.151)

cBrad = −µ0

4π

r̂× p̈ret

r
(20.152)

Erad =
µ0

4π

r̂(r̂ · p̈ret)− p̈ret

r
(20.153)

dP

dΩ
=

µ0

(4π)2c
|̂r× p̈ret|2 (20.154)

P =
µ0

4πc

2

3
|p̈ret|2 (20.155)

Magnetic dipole radiation m = 1
2

∫
d3r′ r′ × j(r′)

α =
1

c
m̈ret × r̂ (20.172)

Erad =
µ0

4πc

r̂× m̈ret

r
(20.174)

cBrad =
µ0

4πc

r̂(r̂ · m̈ret)− m̈ret

r
(20.173)

dP

dΩ
=

µ0

(4π)2c3
|̂r× m̈ret|2 (20.179)

P =
µ0

4πc3
2

3
|m̈ret|2 (20.180)

Scattering—specific cases

Thomson scattering

(EM plane wave incident on a free electron −e; long-wavelength approximation)

j(r, t) =
ie2E0

mω
exp [i (k0 · r0 − ωt)] δ(r(t)−r0(t)) ê0 (21.10), computed via eqn. of motion

p(t) = −e
2E0

mω2
ê0e
−iωt for r0 ≈ 0 (21.13)

dσ

dΩ
= r2e |k̂× ê0|2 = r2e

(
1− |k̂ · ê0|2

)
for re =

e2

4πε0mc2
(21.11)

σ =
8π

3
r2e for linearly polarized or unpolarized (21.18)
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Rayleigh scattering

(EM plane wave incident on a small object; p and m must be calculated; k0 = ω/c)

dσ

dΩ
=

(
k20

4πε0E0c

)2

|k̂×m + k̂× (k̂× cp̂)|2 (21.20)

If p = αε0E0ê0 and m = 0,
dσ

dΩ
=

(
k20α

4π

)2 (
1− |k · ê0|2

)
=

(
k20

4πε0E0

)2

|k̂×p|2 (21.21)

ĵ = −iωp for a small dipole at the origin

Born approximation χe � 1

(EM plane wave—weak dielectric response)

j =
∂P

∂t
≈ −iωε0χ

[
ê0E0e

i(k0·r−ωt)
]

(21.46)

dσ

dΩ
=

(
k20
4π

)2

|k̂× ê0|2
∣∣∣∣∫ d3r′ χe−iq·r

′
∣∣∣∣2 for q = k− k0 (21.47)
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Mathematics

Trigonometry

sinx =
eix − e−ix

2i
; cosx =

eix + e−ix

2

sin2 x+ cos2 x = 1; 1 + tan2 x = sec2 x; 1 + cot2 x = csc2 x

sin
(
x± π

2

)
= ± cosx; cos

(
x± π

2

)
= ∓ sinx

sin(x+ π) = − sinx; cos(x+ π) = − cosx

sin(a± b) = sin a cos b± cos a sin b

cos(a± b) = cos a cos b∓ sin a sin b

tan(a± b) =
tan a± tan b

1∓ tan a tan b

cos a cos b =
1

2
[cos(a− b) + cos(a+ b)]

sin a sin b =
1

2
[cos(a− b)− cos(a+ b)]

sin a cos b =
1

2
[sin(a+ b) + sin(a− b)]

sin(2x) = 2 sinx cosx

cos(2x) = cos2 x− sin2 x = 2 cos2 x− 1 = 1− 2 sin2 x

tan(2x) =
2 tanx

1− tan2 x

sin2 x =
1− cos(2x)

2
; cos2 x =

1 + cos(2x)

2

(sinx)′ = cosx; (cosx)′ = − sinx; (tanx)′ = sec2 x

(cscx)′ = − cscx cotx; (secx)′ = secx tanx; (cotx)′ = − csc2 x

(ln(secx+ tanx))′ = secx;
(

ln
(

tan
x

2

))′
= (− ln(cscx+ cotx))′ = cscx(

arcsin
(x
c

))′
=

1√
c2 − x2

;
(

arctan
(x
c

))′
=

c

c2 + x2
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Thrigonometry

sinhx =
ex − e−x

2
; coshx =

ex + e−x

2
; tanhx =

ex − e−x

ex + e−x
=
e2x − 1

e2x + 1

cosh2 x− sinh2 x = 1; sech2 x = 1− tanh2 x; csch2 x = coth2 x− 1

sinh(a± b) = sinh a cosh b± cosh a sinh b

cosh(a± b) = cosh a cosh b± sinh a sinh b

tanh(a± b) =
tanh a± tanh b

1± tanh a tanh b

sinh(2x) = 2 sinhx coshx

cosh(2x) = sinh2 x+ cosh2 x = 2 sinh2 x+ 1 = 2 cosh2 x− 1

tanh(2x) =
2 tanhx

1 + tanh2 x

sinh2 x =
cosh(2x)− 1

2
; cosh2 x =

cosh(2x) + 1

2

arcsinh(x) = ln
(
x+
√
x2 + 1

)
; arccosh(x) = ln

(
x+
√
x2 − 1

)
(sinhx)′ = coshx; (coshx)′ = sinhx; (tanhx)′ = sech2 x(

arcsinh
(x
c

))′
=

1√
x2 + c2

;
(

arctanh
(x
c

))′
=

c

c2 − x2

Calculus∫ ∞
−∞

dx e−αx
2

=
π1/2

α1/2
;

∫ ∞
−∞

dx x2e−αx
2

=
1

2

π1/2

α3/2
;

∫ ∞
−∞

dx x4e−αx
2

=
3

4

π1/2

α5/2∫ ∞
−∞

dx e−αx
2+βx =

π1/2

α1/2
eβ

2/(4α)

f(x) =
1√
2π

∫ ∞
−∞

dk f̃(k)eikx; f̃(k) =
1√
2π

∫ ∞
−∞

dx f(x)e−ikx;

∫ ∞
−∞

dx |f(x)|2 =

∫ ∞
−∞

dk |f̃(k)|2

δ(x− x0) =
1

2π

∫ ∞
−∞

dk eik(x−x0); δ(ax) =
δ(x)

|a|
; δ(g(x)) =

∑
i

g(xi)=0

δ(x− xi)
|g′(xi)|

δ(r) =
δ(r)δ(θ)δ(ϕ)

r2 sin θ

∇2 1

|r− r′|
= −4πδ(r− r′)
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Unit vectors and vector algebra

ŝ = x̂ cosϕ+ ŷ sinϕ

ϕ̂ = −x̂ sinϕ+ ŷ cosϕ

x̂ = ŝ cosϕ− ϕ̂ sinϕ

ŷ = ŝ sinϕ+ ϕ̂ cosϕ

r̂ = x̂ sin θ cosϕ+ ŷ sin θ sinϕ+ ẑ cos θ

θ̂ = x̂ cos θ cosϕ+ ŷ cos θ sinϕ− ẑ sin θ

ϕ̂ = −x̂ sinϕ+ ŷ cosϕ

x̂ = r̂ sin θ cosϕ+ θ̂ cos θ cosϕ− ϕ̂ sinϕ

ŷ = r̂ sin θ sinϕ+ θ̂ cos θ sinϕ+ ϕ̂ cosϕ

ẑ = r̂ cos θ − θ̂ sin θ

εijkεi`m = δj`δkm − δjmδk`
(a× b) · (c× d) = (a · c)(b · d)− (a · d)(b · c)
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