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1. Two concentric conducting spheres of inner and outer radii a and b, respectively, carry charges 
±Q. The empty space between the spheres is half-filled by a hemispherical shell of dielectric 
(of dielectric constant ε/ε0) as shown in the figure.  

(a) Find the electric field everywhere between the spheres. (8 points) 
(b) Calculate the surface-charge distribution on the inner sphere. (5 points) 
(c) Calculate the bound (or polarization) charge density induced on the surface of the 

dielectric at r = a. (5 points) 
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2. A sphere of radius a made of linear magnetic material with permeability μ is placed in an 
otherwise uniform magnetic field zHH ˆ00 =

r
 in vacuum.  

(a) Find the magnetic fields, H
r

, inside and outside the sphere. (7 points) 
(b) Find the induced magnetic dipole moment and magnetization. (7 points) 
(c) Find the bound currents inside the sphere, bJ

r
, and on its surface, bK

r
. (4 points) 
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3. The electric field of an electromagnetic wave in a linear medium with permeability μ has the 

form yeeEE kztiz ˆ)(
0

−−−= ωα
r

 where 0E  and  α are real and positive quantities. 

(a) Find the B
r

 field associated with the electromagnetic wave. (6 points) 
(b) Find the time-averaged Poynting vector S

r
. (6 points) 

(c) Find the time-averaged energy density per unit time absorbed by this medium. (6 
points) 
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4. Two infinite thin plates are located at z = +d/2 with potential of +Vcos(ky) and at z = -d/2 with 
potential of -Vcos(ky), respectively, where y is one of the coordinates parallel to the face of the plate. 
Find the electrostatic potential and the electric field at any point between the two plates. (15 points)    
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5. Consider a circular line charge of radius a in the x-y plane having a charge density   

πϕπλϕλ
πϕλϕλ
2)(

0)(
<<−=
<<+=

 

where )/arctan( xy=ϕ .  
(a) Calculate the monopole moment, the dipole moment and all the components of the quadrupole 

moment tensor for this charge distribution. (7 points) 
(b) Calculate the first two terms of the far-field potential for this charge distribution. (7 points)   
      
 
 
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



 7

6. Consider a cylindrical capacitor of length L with charge +Q on the inner cylinder of radius a and −Q 
on the outer cylindrical shell of radius b. The capacitor is filled with a lossless dielectric with dielectric 
constant equal to 1. The capacitor is located in a region with a uniform magnetic field B

r
, which points 

along the symmetry axis of the cylindrical capacitor. A flaw develops in the dielectric insulator, and a 
current flow develops between the two plates of the capacitor. Because of the magnetic field, this 
current flow results in a torque on the capacitor, which begins to rotate. 

(a) After the capacitor is fully discharged (total charge on both plates is now zero), what is the   
magnitude and direction of the angular velocity of the capacitor? The moment of inertia of the 
capacitor (about the axis of symmetry) is I, and you may ignore fringing fields in the 
calculation. (12 points) 

(b) Aside from fringing fields, what else are you ignoring in calculating the answer to (a)? (5 
points) 
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1. (a) A charged sphere of radius a has a uniform charge density within its volume with a total    
            charge Q. Calculate the electric fields inside and outside the sphere. (10 points) 

(b) Assume the charge density distribution in (a) is spherically symmetric and varies radially as 
rn (n > -3). Calculate the electric fields inside and outside the sphere. (10 points) 
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(b) In a vacuum diode, electrons are boiled off a hot cathode, at potential zero, and accelerated 

across a gap to the anode, which is held at positive potential V0 (see the figure below). The 
cloud of moving electrons within the gap (called the space charge) quickly builds up to the 
point where it reduces the field at the surface of the cathode to zero. From then a steady current 
I flows between the plates. Suppose the plates are large relative to the separation (A >> d2), so 
that edge effects can be neglected. Then V, ρ, and v (the speed of the electrons) are all functions 
of x alone. 

a. Assuming the electrons start from rest at the cathode, what is their speed at point x, 
where the potential is V(x)? (5 points) 

b. In the steady state, I is independent of x. What is the relation between ρ and v? (5 
points) 

c. Use the results in (a) and (b) to obtain a differential equation for V, by eliminating ρ and 
v. (5 points) 

d. Solve this equation for V as a function of x, V0 and d. (Hint: you may use the identity, 
2

2

2

2
1

⎟
⎠
⎞

⎜
⎝
⎛ Φ

=
ΦΦ

dx
d

dx
d

dx
d

dx
d .) (10 points) 

e. Show that 2/3
0kVI =  and find the constant k. This equation is called the Child-Langmuir 

law. It holds for other geometries as well, whenever space-charge limits the current. 
Notice that the space-charge limited diode is nonlinear and doesn’t obey the Ohm’s 
law.) (5 points) 
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(c) A sphere of radius a has a surface charge density )2cos(0 θσσ = . Find the potential at all 
points in space exterior and interior to the sphere. (25 points) 
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(d) Consider the infinite two-dimensional conducting plane depicted in the figure below. The right 

half is maintained at electrostatic potential V0 while the left half is maintained at potential –V0. 
Calculate the potential above the plane. (25 points) 
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Formula Sheet for Midterm 

I decided to provide you most the equations in Chapters 1 - 3 (much more than you need in the 
midterm). I want you to understand the physics instead of memorizing the equations. 
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1. Two concentric conducting spheres of inner and outer radii a and b, respectively, carry charges ±Q. 
The empty space between the spheres is half-filled by a hemispherical shell of dielectric (of dielectric 
constant ε/ε0) as shown in the figure.  

(a) Find the electric field everywhere between the spheres. (12 points) 
(b) Calculate the surface-charge distribution on the inner sphere (free charge only). (7 

+points) 
(c) Calculate the bound (or polarization) charge density induced on the surface of the 

dielectric at r = a. (6 points) 
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2. An infinitely long cylinder of radius a and surface charge density ϕσσ 3cos0=  is surrounded by an 
infinitely long conducting cylindrical tube of inner radius b which is held at zero potential. 

 
(a) Find the potential ),( ϕrΦ  in the ar <≤0  and the bra ≤<  regions. (20) 
(b) Find the surface charge density on the inner surface of the grounded cylindrical tube. 

(10 points) 
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3. A sphere of radius R1 has a charge density ρ uniform within its volume, except for a small spherical 
hollow region of radius R2 located a distance a from the center.  Find the electric field everywhere in 
the hollow sphere. (15) 
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4. An electric dipole of moment p  is placed at a distance d from a grounded conducting sphere of 
radius a. The dipole is oriented in the direction radially away from the sphere. Assume that d>> a. Find 
the electrostatic potential outside the sphere. (30 points) 
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1. An aperture Σ in an opaque screen is illuminated by a spherical wave converging towards a 
point P located in a parallel plane a distance z behind the screen (shown below).  

(a) Find the quadratic-phase approximation to the illuminating wavefront in the plane of the 
aperture, assuming that the coordinates of P in the (x, y) plane are (0, Y). (10 points) 

(b) Assuming Fresnel diffraction from the plane of the aperture to the plane containing P, 
show that in the above case the observed intensity distribution is the Fraunhofer 
diffraction pattern of the aperture, centered on the point P. (10 points) 
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2. Two point charges +q and –q are placed at opposite poles of a spherical balloon of initial radius 
R0. The radius of the balloon is set to oscillate as follows: tRtR ωρ sin)( 0 +=  where c<<ωρ . 

(a) Determine the total power radiated by the oscillating balloon, if any, in term of q, R0, ρ 
and ω. (10 points) 

(b) Suppose instead that charges are deposited on the balloon as described below. For each 
case, determine the ratio of the total power radiated by the oscillating balloon, if any, to 
the total power radiated in (a). Show your work and explain your reasoning. (10 points) 

• One point charge +q is placed at a given point on the balloon. The radius of the 
balloon is set to oscillate as above. 

• Total charge +q is deposited uniformly on the surface of the balloon. The radius 
of the balloon is set to oscillate as above. 
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3. An electromagnetic wave, yeEE tkzkxi ˆ)cossin(
0

ωθθ −+=


, is incident from inside a media with 

00µεεµ >  on its plane surface as shown in the figure below, where the incident angle (θ) is 
larger than the critical angle (θc). 

(a) Determine the depth of penetration (δ) of the evanescent wave into the free space in 
term of θ, θc, c and λ. Does the result depend on the wave polarization? [Hint: δ  is 
defined as the depth when the magnitude of the evanescent wave decreases to 1/e.] (10 
points) 

(b) Show that there is no energy transport across the boundary in this case. (10 points)  
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4. A relativistic particle with the rest mass m and energy total E collides with a similar particle, initially 
at rest in the laboratory frame. Find:  
(a) The velocity of the center of mass of the system in the lab frame. (7 points) 
(b) The total energy of the system in the center-of-mass frame. (7 points) 
(c) The final velocities of both particles (in the lab frame), if their final velocities are parallel to the 
incoming velocity. (6 points) 
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5. A relativistic particle of charge q is constrained to move along a circle of radius a at a constant 

angular frequency ω. The circle lies on the x-y plane of a Cartesian coordinate system which 
has an origin that is at the center of the circle.  

(a) Find the retarded time t’ associated with an observation made at time t in the lab frame 
at point b along the z-axis (perpendicular to the circle). (5 point) 

(b) Find the scalar potential (Φ ) measured at this point at time t in the lab frame. (8 points) 
(c) Find the vector potential ( A


) measured at the same location and time t. (7 points) 
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1. A transmission line consisting of two concentric circular cylinders of metal with conductivity 
σ  and skin depth δ , as shown, is filled with a uniform lossless dielectric ( εµ, ). A TEM mode 
is propagated along this line.  

 

(a) Show that the time-averaged power flow along the line is 





=

a
bHaP ln|| 2

0
2π

ε
µ , 

where 0H  is the peak value of the azimuthal magnetic field at the surface of the inner 
conductor. (10 points).  

(b) Show that the transmitted power is attenuated along the line as zPezP γ2)( −=  where 
( )

)/ln(
/1/1

2
1

ab
ba +

=
µ
ε

σδ
γ .   (10 points) 

(c) The characteristic impedance 0Z  of the line is defined as the ratio of the voltage 
between the cylinders to the axial current flowing in one of them at any position z. 

Show that for this line )/ln(
2
1

0 abZ
ε
µ

π
= . (10 points). 
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2. A pulsar emits bursts of radio waves which are observed from the Earth at two different 
frequencies, ω1 and ω2. An astronomer notes that the arrival time of the bursts is delayed at the 
lower frequency, that is, the pulse at ω1 arrives after the pulse at ω2. The delay, τ is due to 
dispersion in the interstellar medium. Assume this medium consists of ionized hydrogen (called 
the dilute plasma). 

(a) Find the index of refraction of the dilute plasma. (To get full credit, you need to first 
write down the equation of the motion of a free electron in an oscillating electric wave). 
(15 points) 

(b) Find the distance from the pulsar to the Earth.  (15 points) 
[Assume m is the mass of the electron and N the number of electrons per unit volume.]  
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3. Consider a “classical” hydrogen atom with the electron moving in a circular orbit at the Bohr 

radius 2

2
0

0
4

me
a πε

= .  Assume the electron’s orbit is in the x-y plane with the period T.  

a. Find the lowest multipole moment. (10 points)  
b. Calculate the electric and magnetic fields in the radiation zone. (10 points) 
c. Calculate the power radiated per unit solid angle. (10 points) 

[Note, you just need to calculate (b) and (c) for the lowest multipole moment]. 
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PHYSICS 210B, Winter 2011 
Final Exam (100 points in total) 

 
 
 

• Closed books and closed notes 
• Please write down the necessary intermediate steps 
• Write your answers in the space provided. Continue on the back if necessary. 
• A formula sheet is provided at the end of the exam. 

 
 
 

Name:                                                        ID:                                                       .                                           
 
 
 

Problem 1:  
 
 
Problem 2:  

 
 
Problem 3:  

 
 
Problem 4:  

 
 

Problem 5:  
 
 

 
 
Total:  

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 1 



1. Consider a plane electromagnetic wave of wavelength λ is incident on a rectangular aperture. 
The width of the aperture is a and b along the X and Y-axes, respectively. Under the 

Fraunhofer approximation 1<<
x

ab
λ

 where x is the distance between the aperture and the 

detector plane, the diffraction intensity is related to the square of the Fourier transform of the 
aperture.  

(a) Calculated the Fraunhofer diffraction pattern of the aperture. (8 points) 
(b) Determine the maximum and minimum positions of the diffraction intensity. (6 points) 
(c) Verify the Heisenberg Uncertainty Principle based on this system. (6 points) 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 2 



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
2. In a collision process a particle of mass m2, at rest in the laboratory, is struck by a particle of 

mass m1, momentum labp  and total energy Elab. In the collision the two initial particles are 
transformed into two others of mass m3 and m4. The configurations of the momentum vectors 
in the center-of-mass (CoM) frame and the laboratory frame are shown below. 

(a) Show that the total energy W in the CoM frame has its square given by 
labEmmmW 2

2
2

2
1

2 2++= . (10 points)   

(b) Show that the 3-momentum in the CoM frame is 
W
pmp lab


 2'= . (10 points) 
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 4 



3. Consider a charge q and mass m that is harmonically bound (frequency ω0) along x (i.e. the 
charge is constrained to move on the x-axis).  A plane wave propagating along z, 

xeEE tzki ˆ)(
0

ω−=


, is incident on the charge.  Calculate the differential scattering cross-section 

Ωd
dσ  as a function of the scattering angle θ. (20 points) 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 5 



 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 

4. A thin linear antenna of length d, centered at the origin, and parallel to the z axis, is excited in 
such a way that the current (I) makes a full wavelength of sinusoidal oscillation at frequency ω. 

(a) Find the current density, ),( txJ 
. (5 points) 

(b) Find the vector potential of the radiation field, ),( txA 
, in the far zone. (8 point) 

(c) Calculate the power radiated per unit solid angle, 
Ωd

dP , in the far zone. (7 point) 

[Hint: if d,λ  << r, then ∫ ⋅−= ')'(
4

)( 3'ˆ0 xdexJ
r

exA xnik
ikr 

π
µ . AnikA


×=×∇ ˆ ] 
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5. A low-energy electron has a velocity v0 << c at infinity. The velocity 0v  is directed towards a 

fixed, repulsive Coulomb field, the potential energy for which is given by 
r

ZerU
2

)( = . The 

electron is decelerated until it comes to rest and then is accelerated again in a direction opposite 
to the original direction of motion. Show that when the electron has again reached an infinite 
distance from the Coulomb scattering center, the kinetic energy of the electron is about  









−= 3

3
02

0
2

45
161

2
1

2
1

Zc
vmvmv  where m is the electron mass and the term depending on 5

0v  

represents the energy radiated away during the deceleration and acceleration processes. [Hint: 
assume that the radiation reaction does not affect the dynamics appreciably. Also, if you can 
write down all the main steps, you will get most of the points. The detailed calculation is less 
important.] (20 points)  
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Formula Sheet for the Final Exam 
You may use any of the following equations without derivation. 
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PHYSICS 210B, Winter 2011 

Midterm Exam (100 points in total) 

 

 

 

 Closed books and closed notes 

 Please write down the necessary intermediate steps 

 Write your answers in the space provided. Continue on the back if necessary. 

 A formula sheet is provided at the end of the exam. 

 

 

 

Name:                                                        ID:                                                       .                                           

 

 

 

Problem 1:  

 

 

Problem 2:  

 

 

Problem 3:  

 

 

 

Total:  
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1. (32 points) 

 
 

You may use the Fresnel equation for E perpendicular to the plane of incidence,  
  
 

  
 

 

   
      

      
 
  where η is the 

impedance of the material and r is the refracted angle.          
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2. An electric dipole oscillates with a frequency ω and amplitude P0.  It is placed at a distance x = a/2 

from an infinite perfectly conducting grounded plane and the dipole is parallel to the plane. Find the 

electromagnetic field and the time-averaged angular distribution of the emitted radiation for distances  

r >> λ >> a. (32 points) 
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3.  Propagation of a TE wave between two perfectly conducting plates. Assume the wave reflects 

perfectly off each conducting surface, a is the distance between two plates, k  is the free-space wave 

number of the incident plane wave, and  is the incident angle (the angle between the incident wave 

and the normal direction to the conducting plate).  

(a) Derive the expressions for the cut-off frequency and the wave number along the 

horizontal (i.e. propagation) and the vertical direction. (18 points) 

(b) Determine the phase velocity and group velocity of the wave propagating along the 

plates. (18 points) 
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PHYSICS 210A, Winter 2012 
Midterm Exam (50 points in total) 

 
 
 

• Closed books and closed notes 
• Please write down the necessary intermediate steps 
• Write your answers in the space provided. Continue on the back if necessary. 
• A formula sheet is provided at the end of the exam. 

 
 
 

Name:                                                        ID:                                                       .                                      
 
 
 

Problem 1:  
 
 
Problem 2:  

 
 
Problem 3:  

 
 
Problem 4:  

 
 
Total:  
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1. A small sphere of polarizability α and radius a is placed at a great distance from a conducting sphere 
of radius b, which is maintained at a potential V. For an approximate expression for the force on the 
dielectric sphere valid for r >> a. (10 points; this is a comprehensive exam problem in Fall 2011) 
 
 
2. Suppose the entire region below plane z = 0 is filled with a uniform and linear dielectric material 
with permitivity ε.  A point charge q is placed a distance d above the origin. 

a) Find the potential with z > 0. (10 pints) 
b) Find the bound charge on the surface of the dielectric material. (4 points) 

    
3. Two infinite thin plates are located at z = ±d/2 with potential ±Vcos(ky), respectively. Find the 
electrostatic potential and the electric field in the space between the two plates. (12 points)    
 

 
 

4. The linear charge density on a ring of radius a is given by )sin(cos φφρ −=
a
q .  Find the first three 

monopole, dipole, and quadrupole moments of the system, and use these moments to write an 
expression for the potential at an arbitrary point in space. (14 points) 
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PHYSICS 210A, Winter 2012 
Final Exam (100 points in total) 

 
 
 

• Closed books and closed notes 
• Please write down the necessary intermediate steps 
• Write your answers in the space provided. Continue on the back if necessary. 
• A formula sheet is provided in the last page of the exam. 

 
 
 

Name:                                                        ID:                                                       .                                           
 
 
 

Problem 1:  
 
 
Problem 2:  

 
 
Problem 3:  

 
 
Problem 4:  

 
 

Problem 5:  
 

 
Problem 6:  

 
 

 
Total:  
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1. A sphere of radius R1 has a charge density ρ uniform within its volume, except for a small 
spherical hollow region of radius R2 located a distance a from the center.   

(a). Find the electric field E


 at the center of the hollow sphere. (7 points) 
(b). Find the potential φ  at the same point. (7 points) 
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2. A uniform current density zJJ ˆ0


=  flows through all space between x = - a and x = a (a current 

sheet), as shown in the figure below.  
(a). Find the magnetic field B


 (magnitude and direction) everywhere. (7 points) 

(b). An electron (mass em , charge –e) is fired from an electron gun at x = 2a with velocity 
xvv ˆ−=

  (toward the origin). What is the minimum speed v the electron must have to reach 
the point x  = a (the edge of the current sheet)? (7 points) 

                     

 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



 4 

 
3. A sphere of radius a made of linear magnetic material with permeability µ is placed in an otherwise 
uniform magnetic field zHH ˆ00 =


 in vacuum.  

(a). Find the magnetic fields, H


, inside and outside the sphere. (10 points)  
(b). Find the induced magnetization. (4 points) 
(c). Find the bound currents inside the sphere, bJ


, and on its surface, bK


. (4 points) 

 

 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



 5 

 
4. An infinite straight wire carries a linearly increasing current I(t)=k t, for t > 0, where k is a constant.  
Find the electric and magnetic fields ( E


 and B


) generated, for tr > 0. (You may ignore delta function 

pulses associated with the turn-on.)  Hint: ∫ 𝑑𝑥
√1+𝑥2

= sinh−1 𝑥 .  (14 points) 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



 6 

5. A cylinder of radius R and infinite length is made of permanently polarized dielectric. The 
polarization vector P


 is everywhere proportional to the radial vector s  in a cylinder coordinates (s, φ, 

z), saP 
= , where a is a positive constant. The cylinder rotates around its axis with an angular velocity 

ω. This is a non-relativistic problem, -ωR << c. 
(a). Find the electric field E


 at a radius s both inside and outside the cylinder. (6 points) 

(b). Find the magnetic field B


 at a radius s both inside and outside the cylinder. (6 points) 
(c). What is the total electromagnetic energy stored per unit length of the cylinder; (8 points) 
    (i) before the cylinder started spinning? 
    (ii) while it is spinning? 

         Where did the extra energy come from? 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



 7 

6. We assume the existence of magnetic charge related to the magnetic field by the local reaction 

mB ρµ0=⋅∇


.  
(a). Using the Gauss’s theorem, obtain the magnetic field B


of a point magnetic charge at the 

origin. (5 points) 
(b). In the absence of the magnetic charge, the curl of the electric field is given by the 

Faraday’s law, 
t
BE
∂
∂

−=×∇



. Show that this law is incompatible with the magnetic charge 

density that is a function of time. (5 points) 
(c). Assuming that magnetic charge is conserved, derive the local relation between the 
magnetic charge current density mJ


 and the magnetic density  mρ . (5 points) 

(d). Modify Faraday’s law as given in part (b) to obtain a law consistent with the presence of 
the magnetic charge density that is a function of position and time. (5 points) 
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