
CLASSICAL MECHANICS 220

Final Exam – Fall 2011

Monday 5 December 2011, at 3 - 6pm, in PAB 2434

• Please write clearly;
• Print your name on every page used, including this one;
• Make clear which question you are answering on each page;
• All five questions below are independent from one another.
• No books, notes, computers, or calculators are allowed during the exam;
• Please turn off cell-phones, iPhones, iPods, iPads, Kindles, and other electronic devices.

Grades

Q1.

Q2.

Q3.

Q4.

Q5.

———————————

Total /60



QUESTION 1 [12 points]

A torsion pendulum consists of a vertical wire attached to a mass which may rotate
about the vertical direction. Consider three torsion pendulums which consist of identical
wires from which identical homogeneous solid cubes are suspended. One cube is suspended
from a vertex, one from the center of an edge, and one from the center of a face, as shown in
the figure. What are the ratios of the periods of the three pendulums ? Justify your answer.

Problems U Solutions on Mechanics

consist of identical wires from which identical homogeneous solid cubes a;q

hung. one cube is hung from a corner, one from midway along an ei-e.

and one from the middle of a face, as shown in Fig' 1'117' What are :ju

ratios of the periods of the three pendulums?
(-rf--:

J,J,$4fr0
Fig. 1.117.

Solution:
In all the three cases, the vertical wire passes through the cen;s

mass of the solid cube. As the ellipsoid of inertia of a homogeneou-'

cube is a sphere, the rotational inertia about any direction passing th:

the center of mass is the same. Hence the periods of the three t

pendulums are equal.

ttr4
Figure 1.118 shows a simple-minded abstraction of a camshai

point masses m and 2m frxed on massless rods, all in a plane' It r:
with constant angular velocity tl a,round the axis OOl through tnt

shaft, held by frictionless bea,rings at O and Ot'

(a) What is the torque with respect to the mid-point of the Io' i
exerted by the bearings? (Give magnitude and direction')

(b) Loqate an axis, fixed in the plane of the masses, around u'h-:'m

thing could rotate with zero torque when the angular velocity is co:sr

(UC, B

Solution:

Choose a coordinate system attached to the shaft with origir ru;

mid-point c of the long shaft, the z-axis along the axis oo' and the :
in the plane of the point masses' as shown in Fig' 1'119'
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QUESTION 2 [12 points]

A non-relativistic particle with mass m and electric charge e moves in a two-dimensional
plane (with Cartesian coordinates x, y), under the influence of a constant uniform magnetic
field B = (0, 0, B), and an inverted harmonic oscillator potential,

V (x, y) = −1

2
mω2(x2 + y2) (0.1)

(a) Write down the Lagrangian for this system in the xy plane;

(b) Derive the corresponding Euler-Lagrange equations;

(c) Solve the Euler-Lagrange equations;

(d) Discuss stability of motion near the point (x, y) = (0, 0) as a function of m, e, ω,B.

QUESTION 3 [12 points]

A relativistic particle with rest mass m, and electric charge e moves in an electro-magnetic
field which is constant in space and in time, and whose components with respect to an inertial
frame R are given by E = (E, 0, 0) and B = (0, 0, B).

(a) State the differential equation for the particle’s velocity 4-vector uµ with respect to R,
and work out the equations, component-by-component.

(b) Show that the solutions to this equation are linear superpositions of exponentials, and
determine the corresponding exponents.

(c) Determine the conditions on E and B under which all components of uµ are bounded
along every trajectory. Is this condition Lorentz-invariant ?
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QUESTION 4 [12 points]

The sine-Gordon model is a field theory in 1 space and 1 time dimensions with a single
scalar field φ(t, x), governed by the following action,

S[φ] =
∫
dtdx

(
1

2
(∂tφ)2 − 1

2
(∂xφ)2 −m2(1− cosφ)

)
(0.2)

We shall work with units in which the speed of light is set to 1. Also, m is a real constant.

(a) Use the variational principle to obtain the corresponding Euler-Lagrange equation, and
give the expression for the total energy E of a general field φ(t, x).

(b) Show that the Euler-Lagrange equation of (a) admits solitons: solutions of the form
φ(t, x) = f(y), with y = λ(v)(x−vt), for arbitrary velocity v, such that cos f(±∞) = 0,
and f(+∞) 6= f(−∞). Show that it is possible to choose λ(v) such that f (as a
function) is independent of v; determine this λ(v), and the corresponding function f .

(c) Derive the relation between the total energy E of the soliton and its velocity v, and
show that this relation is the relativistic one. Derive the mass of the soliton.

QUESTION 5 [12 points]

Two identical wheels of radius a and mass m are mounted vertically on the ends of a com-
mon horizontal axle (of zero mass and length 2b) such that the wheels rotate independently.
The whole system rolls freely without slipping or sliding on the horizontal plane z = 0.
A figure of the system is given on the next page to illustrate the set-up.

(a) Show that the coordinates x, y, θ and ϕ = (ϕ1 + ϕ2)/2, indicated in figure 1, may be
used as suitable generalized coordinates in which all holonomic constraints, and any
integrable non-holonomic constraints, have been eliminated.

(b) Exhibit the non-holonomic constraint(s) that remain on x, y, θ, ϕ, if any.

(c) Write down the Lagrangian when no external forces, other than those associated with
the constraints, operate on the system.

(d) With the method of Lagrange multipliers, derive the Euler-Lagrange equations.
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Figure 1: Two vertical wheels mounted on a horizontal axle.
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